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Abstract

We present the results of our research on stone-type dualities for certain classes of ordered algebras
that do not fall within the scope of extended Priestley-duality. In a forthcoming paper |5 we study
a new spectral-like duality for the class of distributive Hilbert algebras with infimum. We explain the
main facts of that duality and we outline how the same strategy could be used for getting a Priestley-
style duality for the same class of algebras, as well as dualities for other classes of algebras.

Stone’s duality for Boolean algebras [15] has been generalized to distributive lattices in at
least three different directions (cf. [1] and its references). The approach initiated by Stone
himself [15] leads to a representation in terms of compactly-based sober spaces in which the
collection of compact open sets is closed under finite intersections. Further generalizations
of this approach lead to dualities for distributive meet-semilattices with top element [4,/12],
implicative semilatticesﬂ [3], Hilbert algebrasﬂ [8] and Hilbert algebras with supremum [6].
What they all have in common is that they provide representations in terms of compactly-
based sober spaces. We refer to this sort of dualities as spectral-like dualities.

A different approach initiated by Priestley [14] leads to a representation in terms of ordered
Hausdorff topological spaces. We refer to this sort of dualities as Priestley-style dualities.
Although both approaches have been followed to generalize the pioneering work of Jénsson and
Tarski on representation of Boolean algebras with operators [13], the later has been held to be
advantageous, especially considering recent developments of the theory of canonical extensions
(see [11] and his references). The key point of this theory, usually called extended Priestley-
duality is that the additional n-ary operations either preserve joins (meets) in each coordinate,
or send joins (meets) in each coordinate to meets (joins). Such n-ary operations (called (dual)
quasi-operators) are dually represented by n + l-ary relations satisfying certain rather natural
conditions.

We focus our attention on classes of algebras that are not within the scope of extended
Priestley-duality, and we provide representation theorems and spectral-like dualities for them.
More precisely, we consider algebras for which a spectral-like duality has been studied, and we
augment them with additional operations that are not (dual) quasi-operators. The largest class
of algebras to which our study can be applied is distributive semilattices with an additional
Hilbert-implication that defines the same order than the meet operation but is not necessarily
its right residual. We call these algebras distributive Hilbert algebras with infimum (or DH"-
algebras):

1Recall that implicative semilattices are the algebraic counterpart of the implicative-conjunctive fragment
of intuitionistic logic.
2Recall that Hilbert algebras are the algebraic counterpart of the implicative fragment of intuitionistic logic.
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Definition 0.1. An algebra A = (A, —, A, 1) of type (2,2,0) is a distributive Hilbert algebra
with infimum or DH" -algebra if:

(1) (A,—,1) is a Hilbert algebra, i.e. for all a,b,c € A:
(i) a—= (b—a)=1,
(i) (@a—=(b—=¢) = ((a—=b)—=(a—c) =1,
(ii) a = b=1=0b— a implies a = b.
(2) (A, A, 1) is a distributive meet-semilattice with top element, i.e.

(i) the binary operation A is idempotent, commutative, associative,
(ii) foralla € A, a N1 =1,
(iii) for each a,bq,be € M with by Aby < a, there exist ¢1,co € M such that by < ¢1,b2 < ¢
and a = c1 A co.

(3) foralla,be A,a—b=1if aAb=a.

Implicative semilattices are a subclass of DH" -algebras, more precisely, they are the ones for
which the implication is the right residual of the meet. Under this assumption, the implication
preserves meets in the second coordinate. The lack of residuation in DH"-algebras implies that
meets do not need to be preserved in the second coordinate, and this fact is precisely what forces
us to search a completely different route for a topological representation of this class of algebras.
Our representation is supported in already existing dualities for distributive semilattices and
Hilbert algebras.

A basic tool for our duality are implicative filters (also called deductive systems by some
authors). Implicative filters are upsets closed under implication, i.e. subsets F' of the algebra
such that whenever a and @ — b are in F', then also b is in F. It is well known that the lattice of
implicative filters of a Hilbert algebra is distributive, then so is the lattice of implicative filters
of a DH"-algebra. Meet irreducible elements of this lattice give us the points of the dual space
of a DH"-algebra. We call these elements irreducible implicative filters. Another important
tool for our duality are meet filters, i.e. upsets closed under meet. As the underlying meet
semilattice is distributive, then so is the lattice of meet filters of any DH"-algebra. We focus
again in its meet irreducible elements, that we call irreducible meet filters.

For DH"-algebras, any irreducible meet filter is an irreducible implicative filters, and this
is the essential fact that allows us to represent DH"-algebras by means of their irreducible
implicative filters. All the concepts so far introduced are also defined for the larger class of
algebras consisting of meet-semilattices (not necessarily distributive) augmented with a Hilbert-
implication (called H"-algebras). We may represent H”-algebras following the same strategy,
but we do not get a similar duality for this class, since when distributivity does not hold it may
fail that irreducible meet filters are included in irreducible implicative filters. Notice that for
implicative filters, both concepts of implicative filter and meet filter coincide, and this implies
that the duality is substantially simplified.

Regarding the duality for objects, the strategy consists of looking at the meet operation as
an additional operation on the Hilbert algebra, instead of what is customary, namely looking
at the implication as an additional operation on the (semi)-lattice structure. Accordingly, the
meet is represented by a subset satisfying certain conditions. Dual spaces of DH"-algebras are
structures of the form (X, X, Tx), where (X, 1) is the dual space of the Hilbert algebra reduct,
and X is a subset of X that generates a sober subspace and satisfies three extra conditions.
We call these spaces DH" -Spectral spaces:

Definition 0.2. A DH"-Spectral space is a structure X = (X, X, Tx) such that:
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1. (X,7,) is an H-space (cf. defn 3.4 in [g]), i.e.

(H1) & is a basis of open and compact subsets for X,
(H2) for every U,V € k, sat(U NV°®) € k,
(H3) (X, 7,) is sober.
2. X CX generates a sober subspace,
3. and for every U,V € x and non-empty W C &:
(DHM) U° = cl(U° N X),
(DH"2) c(UNVeN X)© € k,

(DH"3) if cl(N{W*: W € W}n X) C U¢, then there are Wy, ..., W, € W, for some n € w,
such that c(W§nN---NWSNX) CU".

We show that spectral-duals of implicative semilattices (intorduced in [3]) can be seen
as DH"-Spectral spaces where X = X. With respect to morphisms, duals of algebraic ho-
momorphisms between DH” algebras are binary relations that are duals of homomorphisms
between Hilbert algebras and satisfy an extra condition. We call these morphisms DH” -
Spectral morphisms:

Definition 0.3. A relation R C X; x X3 is a DH"-Spectral morphism between DH"-Spectral
spaces (X1, X1, 7,,) and (Xo, X, 7y, ) if:

1. R is an H-relation between H-spaces (X1, 7, ) and (Xo, 74,) (cf. defn 3.2 in [§]), i.e.

(HR1) R7Y(U) € Ky, for every U € ko,
(HR2) R(z) is a closed subset of Xs, for all z € X.

2. and for every x € Xy

(DH"M) R(z) = cl(R(z) N X5).

We show that these correspondences between objects and morphisms give us a dual equiva-
lence of categories, and we show how the functors and natural isomorphisms involved on it are
defined.

Finally we apply the duality to provide a topological characterization of several classes of
filters. We dually characterize the filters involved in the duality: (irreducible) implicative filters
and (irreducible) meet filters. We characterize also absorbent filters, that are the logic filters
related with the assertional logic of H"-algebras. We characterize optimal implicative filters
and optimal meet filters as well, that are the filters involved in Priestley-style dualities for
distributive semilattices and Hilbert algebras respectively (see [2,9]).

Instead of representing the meet operation by a subset, we could have chosen to represent
it by a ternary relation, as we will explain. Moreover, we will outline how the same strategy
could be followed for a Priestley-style duality for DH"-algebras. Although DH"-algebras are
not even a variety, we can naturally and straightforwardly extend our results to the variety
of distributive lattices extended with a Hilbert-implication (called in [10] distributive Hilbert
algebras), a class of algebras for which a Priestley-style duality has been already studied in [7].
This variety includes Heyting algebras, and it is easy to see that extended Priestley duality
can not be applied in this case, since the implication reverses joins in the first coordinate, but
it does not preserve nor reverse meets nor joins in the second coordinate. The strategy again
consists of looking at the lattice operations as the additional operations, and representing them
by a subset.
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