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Abstract— In this work, we introduce the notion of

local and 2-local %-derivations and describe local and

2-local %-derivation of the octonion and Okubo

algebras. We prove that every local and 2-local

%-derivation on the octonion and Okubo algebras is a

1 L
5 -derivation.
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l. INTRODUCTION

Filippov studied ¢ -derivations of Lie
algebras in a series of papers [13-15]. The space of
o0 -derivations includes usual derivations (6 =1), anti-
derivations (& =—1) and elements from the centroid.
In [14] it was proved that prime Lie algebras, as a rule,
do not have nonzero ¢ -derivations (provided

8#1-1, 0,%), and all %-derivations of an arbitrary

prime Lie algebra A over the field F of characteristic
p # 2,3 with a non-degenerate symmetric invariant

bilinear form were described. It was proved that if A
is a central simple Lie algebra over a field of
characteristic p=2,3 with a non-degenerate

symmetric invariant bilinear form, then any
1 A
3 -derivation ¢ has the form ¢ = Ax for some A eF.

In recent decades, a well-known and active
direction in the study of derivations of associative
algebras and rings is the problem about local
derivations. The notion of local derivation on algebras
was introduced by R.V. Kadison [16], D.R. Larson and
A.R. Sourour [19]. A local derivation on an algebra A
is a linear map A : A — A which satisfies that for
any xe A, there exists a derivation D,: A — A

(depending on x) such that A(x) = D, (x).The
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main problems concerning local derivations are to find
conditions under which local derivations become
derivations and to present examples of algebras with
local derivations that are not derivations. Several
authors investigated local derivations for finite or
infinite dimensional Lie algebras [1-9, 11, 17, 18, 20,
21], and it was proved that every local derivation on
many Lie algebras (for examples, semi-simple Lie
algebras, Borel subalgebras of finite-dimensional
simple Lie algebras, the Schrodinger algebra s in
n+1-dimensional space-time) is a derivation.
Investigation of local and 2-local & -
derivations on Lie algebras was initiated in [18] by
A. Khudoyberdiyev and B. Yusupov. Namely, in [18]
itis proved we introduce the notion of local and 2-local

o -derivations and describe local and 2-local %

derivation of finite-dimensional solvable Lie algebras
with  filiform, Heisenberg, abelian nilradicals.
Moreover, in the work [18] is given the description of

1 N . .
local E-derlvatlon of oscillator Lie algebras,

conformal perfect Lie algebras, and Schrdodinger
algebras. B.Yusupov, V.Vaisova and T. Madrakhimov

- . 1, . .
proved similar results concerning local E-derlvatlons

of naturally graded quasi-filiform Leibniz algebras of
type | in their recent paper [21]. They proved that
quasi-filiform Leibniz algebras of type I, as a rule,

. 1 L .
admit  local E-derlvatlons which are not

%—derivations.

1. MAIN RESULTS

1 -derivation of the octonion algebra O .
Definition [10]. Let L be an arbitrary 2-
torsion free unital ring. The octonion algebra

(denoted by O ) over L isa class of non-associative
algebra. It is a unital non-associative algebra of



dimension 8 with the basis
B={ee.e,6e,e,6,6,6€} andthe product defined

in the following relation:

e, ifi=0;
€-e =18, if j=0;
—0;€ +€; &,  otherwise,

where &, is Kronecker delta and €, is a completely
antisymmetric tensor with value +1 when
ijk =123,145,176, 246, 257,347, 365.

Theorem. Let © Octonion algebra over a
field of characteristic zero. Then any 1 -derivation of
octonion algebra has the following form:

D(e)=p,6,0<i<7
Proof: Let D be 1 -derivation of O . Then

we write
8

D(e,)=) fe,. 1<i<8.

j=1
Applying D onthe e_, -e,_,:

D(ei—l 'ei—l) = %[iﬂijejleil +eilzs::3i'ej1] =

i1 i
8
=p.&1— P& = _D(eo ) = _Zﬁljejfl
i1

By comparing the coefficients of basis vectors, we
get:

By = Bir B =P 2£i£81ﬁ1j =0, j#i,2<j<8.
By using these relations, we find that

B =P, =02<j<8.

Applying D on the product e, -e, ,, where 2<k <8:

1 8 8
D(eo 'ek—l) = D(ek—l) = E(Zﬂljejl €1 +Zﬁkjejl] =
= e

1 8 8
= E[ﬁllekl + Zlﬂkjele = Zlﬂkjej—l
]= ]=
By comparing the coefficients of basis vectors, we

obtain: £; =0,1<j<8,j=k.
We complete the proof of the theorem.

1 -derivation of the Okubo algebra O .

Assume first that the characteristic of F is not three,
so F contains a primitive cubic root w of 1.

Let M;(FF) the associative algebra of 3x3 matrices
over F. Let sl,(IF) denote the corresponding special

Lie algebra. Define a binary multiplication on sl (F)

2
® tr(xy)l. (1)

2 (O]
as follows: X*y =Xy —w"Xy—

The vector space O= s[,(F) endowed with the
multiplication in (1) and nonsingular quadratic form

n(x)=sr(x) isasymmetric composition algebra:

n(x*y)=n(x)n(y),n(x*y,z)=n(x,y=z), for any

XV, Z.
Definition[12]. The symmetric composition algebra

((O), *, n) is called the Okubo algebra over

F(charF=3) .

Theorem: Let @ Okubo algebras over a field of

characteristic zero. Then any 1 -derivation of Okubo
algebra has the following form:

(0(61) =o€, ¢(ez):a11eza
(D(UZ):anuz' (o(ua):allus-

(V) =ayv,,  9(Vy) =V,

¢7(u1) = oy,

¢(V1) =ayVy,

Proof: Let ¢ be a % -derivation of Okubo algebra.

Then we write:

(D(el) =€ + 0,8, + BuU + BLU, + BaUs +
+0,,V, +I,,V, +0p,Vs,

(0(92 ) =0y + Up€ + foly + P, + Brplls +
+0,0V + 0V, +0,5V5,

(0(u1) = Q1€ + Ay, + Py + BooU, + Bl +
+03 V) + O,V + Og5Vs,

(D(UZ ) =0y + Uy, + Pyl + P, + BiaUs +
+0,V + 0V, +0,5V5,

w(Uz) = Q518 + Uy, + Sl + SiyU, + BogUs +
+0,Vy + 0,V + OggVs,

¢7(V1) = 018 + U8, + SogUy + By, + Sy +
+05, V) + O,V + OgaVs,

¢7(V2 ) = 07,8 + g€, + [y + S\, + Py +
+0,V, 4+ 07,V, + 055V,

¢7(V3) = 08 + gy, + Byl + P, + Py +
0 Vy + O,V + OgaVs.

We obtain the equalities below by applying ¢ the

identities:

€6 =8, Vil =—6€,, VU, =—€,, V3U, =—6,
(All relations between the coefficients of the basis

vectors below are obtained due to the uniqueness of
the representation of a vector ¢(x) in the basis

{e,€,,U;, Uy, Uy, VY, V5 } ).



1
Ay = E(ﬁAZ + 583) P = asz '

1
¢(ez):¢(e1e1):E((anel"'alzez + Bl + BU, + 1 1
By =04, 65 = ﬁszv P = Oz )
+ﬁ13U3 + 511V1 + 512V2 + 513V3 ) el + el (allel + a12e2 + ﬁllul + 12 1
U, + BiaUs + 0,V + 0,V + 015V, )) = Oy = §a42: Oy = EﬂBl'
1 ; ; e
= E(20,1192 - Bub, — (B +/313)u3 _512\,2) Now applying ¢ on identities:

1 €,€, =€, UV; =€, UV, =—€, UV, =—€,.
y =0, ay =y, P = _Eﬁl:%'

1
B, = _11311, By = _11312’ = _35121 ) ¢(e1) =p(ee,)= E((azﬁ + €, + Pyl + BrU, +/323U3)+
2
1
522 = _55131 523 =0.

+521V1 + 522\/2 + 523\/3)62 + el (a21e1 + a2282 + ﬂZlul + ﬁ22u2 +

+ﬂ23u3 + é‘21\/1 + 522\/2 + é‘23\/3 )) =

1
p(e,)=-p(wl;)= _E((aelel + Q8 + Pyl + e, + = %(Zazzel = Lol = BogUy — Byl — OV — SV, — V3 ).

+Psally + GyiVy + FpVy + TgV Uy +Vy (€, + 08, + 1
_ Q= 0y, 0y, =0, ﬂn:_zﬂzz'
+ sy + iUy + Pegls + 05y + OgpV, + 05V )) =
1

1 , =P, Sy =—=6,, (6

= _E(_(ﬁss + 561)82 + 05Uy — gyl — Ol — fa = 2 ﬁ23 P = 2 Par 0 2% ©)
1 1
BV, —%zV + BsVy ) 5, = -5 265,06, = _5522,
l
+0, , 1
(ﬁ53 )P = 2 % o(e)=-0(uy;)= _E((asle1 + 058, + Byl + BapU, + Pyl +
l 1 1
B = > ~ 0y O =5 — gy, P = 2 =0 (3) +03Vy + OgV, + gV )V3 +U, (a81e1 + gy, + ByUy + Pl +
1
21 ; ﬂezv 23 %ﬂ +ﬁ83u3 + 581\/1 + 582\/2 + 583\/3 )) = _E(_(ﬂSl + 583 )el - 532u1 -

_a81u2 + 633U3 + ﬁSlvl - a3lv _ﬁSZV )

1
(0(62 ) = _(D(Vzul) = _E((anel +04,€, + Py + S, + 1
= E(ﬂal + 583)’a12 0, By == 6y,

+ﬂ73u3 + 571\/1 + 572\/2 + 573\/3 ) ul + VZ (a3lel + aSZeZ +

+ﬂ31u1 + :Bszuz + ﬂ33u3 + 531\/1 + 532\/2 + 533\/3 )) = ﬂlz 5331 11 = _Eﬁm' (7)

1
2
1
—Qy, O3 = 2

1

1 2
:_E(—(ﬁ314r572)e2 + Oyl + OpoU, — U + s 1
12 2

+5.% 1373 — 3,V )

1
( ) (D(el) = _¢7(U2V1) = _E((aﬂel + a8, + Byl + BioU, + Bl +
=5 ﬂ31 + 572 ﬂn 33’
2

+0,Vy + 0,5V, + 845V, )Vl +U, (a(ilel + 0,8, + Py + S, +

1
—_= 1
ﬁzz 2 532, '873' '823 0!72 ' (4) +ﬁ63u3 + 561\/1 + 562\/2 + 563\/3 )) = _E(_(ﬁztz + 562 ) ez + 541“1 -
%ﬂn’ Oy = %asz- = Og3Uy = BigVy + BV — AygVa — g Uy )

(0(92) = —(o(V3U2 ) - _%((a81e1 + 058, + Sy + P\, + %= E(ﬂn " 561)”812 B _543, o, =0,

+PgaUy + Oy Vi + oV, + OV ) U, +Vs (a4lel +0,,6, + Oy = _ﬂss! B = D) Ops Bis = asl! (8)

Pl + LUy + By + 8,0 Vy + 6,5V, + 8,5V, )) = 1
1 ,Bez )y O3 = 2 Ay
== E(‘ (ﬁ42 + Og ) €, — gl — U, —a,,Vy +

+ PV = BaiVs + 85U )



1
(0(91) = _W(usvz) = _E((amel + 05,8, + Py + By, +
+ Pl + 05V + OV, + OV )Vz +U, (a71e1 +a,e, +

+ Uy + By + BrgUs + 031V, + 675V, + 075V )) =
1

= _E(_(ﬁss +0,, )el — QpU; + 05U, —

—05\Vy = BV, + BV — G5Uy )

1 1
oy :E(ﬂss +572)!ﬁ12 = _55521

1 1
a,=0, B, = Eanl B = 55511 9)

1 1
N =Ea511 O3 = _Eﬂn-

from the relations (2)- (9) we obtain:
0y =0, ay =,
Ogy = 07, = Oy,
Bss = By = P
Boy =Py =85 = 033 =, =0,
B =By =0g =03, =0,=0,
Boy = Py = 05 =y = 6,5, =0,
0y =0y, =P =P =0y =0,
Oy =03 =gy = Py = Pl =0,
Oy = Pog = gy = Py = 6, =0,
Oy =043 = Py = Poy = e = 0,
Oy = Oy = Ay = A5y = 0ty =0.
By using these relations, we write:
(ﬂ(el) =08, ¢(ez)=allezv
50(”1) = Bl + B, + BegUs + 05V,
¢(U2) = Bl + BiUy + BiaUs + 0,5V,

Next, we will obtain equalities below by applying ¢
on identities:

eu, =0, ue,=0, uu =0, ue,=0,

eu, =-u, ue, =0, u,e, =-u, vu, =0,

vy, =u, v,v,=0, vv,=0.

1
¢(elu1) = E(allelul +& (1831u1 + B\, + BagUs + 65V )) =

= %(—531v3) =0

1
¢(ule2 ) = E ((ﬂ31ul + iU, + BUs + 531\/1)92 +ay, U6, ) =

1
= —Eé‘SIVl = 0

1
¢7(U2u1) = E((ﬂﬂul + By + BigUs + 0,5V, )ul +
U, (ﬂ?:lul + B, + BaUs + 531\/1)) =

1
= E(ﬁuvl - 1343\/2 - é‘4262 + ﬂazvz - ﬂ33V1 - 53161) =0

1
€D(ezu2 ) = E(anezuz +€, (ﬁAlul + BipU, + Bily + 6,5V, )) =

1
= E(_allul = Biuls = Bl — BiaU, ) = _¢(U1)

1
(o(ue,ez ) = E((ﬁmul + BoaUy + BigUs + Og5Vs )ez +a,,Us6, ) =

1
= —5553V1 =0

p(use,) = %((,Bﬂu1 + Bl + Pglly + SpV; ) €, + allu3e1) =
%(—ﬁgluz = By — Py — Uy ) = —o(uy )

p(vu,) = %(( Baaly + T,V + SpVy + OV Uy + allvlul) =

= %(,Bmv1 —6:,8,)=0

p(vv, )= %((%v1 + OaVa )Wy +Vy (O Vy + Vs )) =

= %(2561ul — 553U, ) = o(uy)

P(V,v,) = %(( Brally +6,0Vy + i,V + 5105 )y + VoV, ) =

= %(—ﬁne1 +6,U, — 5y5u,) =0

P (V)= %((,883% + 0y Vy + OV, + Vg )V, + VsV, ) =

1
= E(_ﬂsse1 - 581”3 + 582”2 ) =0

From the equalities above, we derive the following
relations:

B =P =0, By =05 =0, & =y,
563 = O!ﬁn = 571 = 573 =0.

1
0y =0, By = Pass By = Biz» 05, =0, By, :E(O‘u +ﬁ42)1

1 1
Bi =8y, oz =031 =0, =0, 3, =§ﬂ43’ Pss =§ﬂ41’
Py =P =0= Ly = L1305 =0, B, = s =0, B = 1.

Taking into account these relations, we write the

following:
o(e)=ae, o(u)=ayu;,

(P(Vl) =V,

(0(82 ) =085
§0(u2):a11u21 ¢7(u3):a11u31
(p(vz) =oy,Vs, (P(V3) =0, Vs
We complete the proof of theorem.

In this work, we present the following result
obtained for local and 2-local 1 -derivations of the
octonion and Okubo algebras.

Theorem[18]. Letbe £ an algebra, whose all
1 -derivations are trivial. Then any local and 2-local
1
2

-derivation of £ isatrivial ; -derivation.



From the theorem [18], we have following corollary:
Corollary. Let © Octonionand O are
Okubo algebras over a field of characteristic zero.
Then any local and 2-local 1 -derivation of the
Octonion and Okubo a is a trivial } -derivation.

Il CONCLUSION

In this article, it is shown that the local and 2-local
L1 -derivation of Octonion and Okubo algebras are

trivial £ -derivations,

1 -derivations Octonion and Okubo algebras are

presented.
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