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1. Introduction 

In this chapter, we will introduce a new Hyperbolic Sieve of Primes and Products xy. The basis 
of that Hyperbolic Sieve is the lattice-grid. The dots in the lattice-grid assume hyperbolic values 
of the form 𝑌[𝑦] = 𝑥𝑦. 

For this lattice-grid, we will give the name of Hyperbolic Lattice Grid. 
The Hyperbolic Lattice-Grid allows us not only to sieve the Primes numbers, but it will also 

be possible to organize in the XY plane all the products of the form 𝑥𝑦 with no repetition of the 
Integers divisors 𝑥 and 𝑦. 
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2. Constructing the Hyperbolic Lattice-Grid 

Let’s construct the Hyperbolic Lattice-Grid in an XY-plane. 
1. First, we draw all the circles of the form 𝑥! + 𝑦! = 𝑛 where 𝑛 ∈ ℕ. So, each circle will 

have a radius given by 𝑟 = √𝑛.  
2. Second, for each 𝑟 = √𝑛, we draw all the lines of the forms 𝑥 = 𝑟 = √𝑛 and 𝑦 = 𝑟 =

√𝑛. 
These two steps produce our Hyperbolic Lattice-Grid. 

 
Figure 1. The Hyperbolic Lattice-Grid construction. 
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Note that, in each dot generated by the crossing between the vertical lines, horizontal lines, 
and the circles, we can assign a value 𝑌[𝑦] to the dot that is the product of its coordinates (𝑥, 𝑦): 

𝑌[𝑦] = 𝑥𝑦 
 See the figure below: 

 
Figure 2. The Hyperbolic Lattice-Grid with its 𝑌[𝑦] = 𝑥𝑦 integers dots values in blue. 

Any dot has the value equivalent to the product of its coordinates 𝑥 and 𝑦. For example, Integer 
4 has three dots in this 1st quadrant: 

1. (𝑥, 𝑦) = 0√1, √163 = (1,4), and 𝑌[𝑦] = 1 ∗ 4 = 4. 
2. (𝑥, 𝑦) = 0√4, √43 = (2,2), and 𝑌[𝑦] = 2 ∗ 2 = 4. 
3. (𝑥, 𝑦) = 0√16, √13 = (4,1), and 𝑌[𝑦] = 4 ∗ 1 = 4. 
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Because all the plane is a hyperbolic plane, we can now draw the hyperbolas that are the result 
of the products 𝑌[𝑦] = 𝑥𝑦 = 𝐼𝑛𝑡𝑒𝑔𝑒𝑟. 

 
Figure 3. The Hyperbolic Lattice-Grid with its hyperbolas Y[y]=𝑥𝑦 = 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 in the 1st 

quadrant. 

Circles with radius 𝑟 = ;|𝐸𝑣𝑒𝑛	𝑛𝑢𝑚𝑏𝑒𝑟𝑠| crosses hyperbolas of the form  
𝑌[𝑦] = 𝑥𝑦 = (𝐼𝑛𝑡𝑒𝑔𝑒𝑟). They are represented by full lines circles. 
Circles with radius 𝑟 = ;|𝑂𝑑𝑑	𝑛𝑢𝑚𝑏𝑒𝑟𝑠| crosses hyperbolas of the form  

𝑌[𝑦] = 𝑥𝑦 = (𝐼𝑛𝑡𝑒𝑔𝑒𝑟 ± 0.5) = J"##
!
K. They are represented by dotted lines circles. 
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3. The Hyperbolic Sieve of Primes in Hyperbolic Lattice-Grid 

All the hyperbolas 𝑌[𝑦] = 𝑥𝑦 will cross the diagonal line 𝑥 = 𝑦. The diagonal line 𝑥 = 𝑦 
represents the Square numbers sequence A000290 𝑌[𝑦] = 𝑥! = 𝑦!. 

Because all dots of the Hyperbolic Lattice-Grid have the value 𝑌[𝑦] = 𝑥𝑦, so the diagonal line 
𝑥 = 𝑦 will have the dots 𝑌[𝑦] = 𝑥! = 𝑦!. 

The diagonal line 𝑥 = 𝑦 is a symmetry line of the Hyperbolic Lattice-Grid in the first quadrant 
of the XY plane. 

 
 

Figure 4. The Hyperbolic Sieve of Primes in the 1st quadrant. The Prime numbers on the 
diagonal line 𝑥 = 𝑦 are those that have the hyperbolas passing through only two other dots with 

Integer coordinates of the form (1, 𝑃𝑟𝑖𝑚𝑒) and (𝑃𝑟𝑖𝑚𝑒, 1). 
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Each positive Integer number has a unique representation in the diagonal line 𝑥 = 𝑦 in the 1st 
quadrant. 

• Integer 0	is the dot (𝑥, 𝑦) = 0√0, √03 = (0,0) in the diagonal line 𝑥 = 𝑦. It is not a 
Prime nor a Composite because there are infinitely many dots with Integer coordinates 
of the form (𝑥, 0) and (0, 𝑦) in which the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 0 crosses. 

• Integer 1	is the dot (𝑥, 𝑦) = 0√1, √13 = (1,1) in the diagonal line 𝑥 = 𝑦. It is not a 
Prime nor a Composite because the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 1 crosses in only 1 dot with 
Integer coordinates: (1,1). 

• Integer 2	is the dot (𝑥, 𝑦) = 0√2, √23 in the diagonal line 𝑥 = 𝑦. It is a Prime because 
the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 2 crosses in 2 dots with Integer coordinates: (2,1) and 
(1,2). 

• Integer 3	is the dot (𝑥, 𝑦) = 0√3, √33 in the diagonal line 𝑥 = 𝑦. It is a Prime because 
the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 3 crosses in 2 dots with Integer coordinates: (3,1) and 
(1,3). 

• Integer 4	is the dot (𝑥, 𝑦) = 0√4, √43 = (2,2) in the diagonal line 𝑥 = 𝑦. It is a 
Composite because the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 4 crosses in more than 2 dots with 
Integer coordinates: (4,1), (2,2) and (1,4). 

• Integer 5	is the dot (𝑥, 𝑦) = 0√5, √53 in the diagonal line 𝑥 = 𝑦. It is a Prime because 
the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 5 crosses in 2 dots with Integer coordinates: (5,1) and 
(1,5). 

• Integer 6	is the dot (𝑥, 𝑦) = 0√6, √63 in the diagonal line 𝑥 = 𝑦. It is a Composite 
because the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 6 crosses in more than 2 dots with Integer 
coordinates: (6,1), (3,2), (2,3) and (1,6). 

• Integer 7	is the dot (𝑥, 𝑦) = 0√7, √73 in the diagonal line 𝑥 = 𝑦. It is a Prime because 
the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 7 crosses in 2 dots with Integer coordinates: (7,1) and 
(1,7). 

• Integer 8	is the dot (𝑥, 𝑦) = 0√8, √83 in the diagonal line 𝑥 = 𝑦. It is a Composite 
because the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 8 crosses in more than 2 dots with Integer 
coordinates: (8,1), (4,2), (2,4) and (1,8). 

• Integer 9	is the dot (𝑥, 𝑦) = 0√9, √93 = (3,3) in the diagonal line 𝑥 = 𝑦. It is a 
Composite because the hyperbola 𝑌[𝑦] = 𝑥𝑦 = 9 crosses in more than 2 dots with 
Integer coordinates: (9,1), (3,3) and (1,9). 

• And so on. 
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4. Right-isosceles triangles at Hyperbolic Lattice-Grid 

Let’s construct infinitely many right-isosceles triangles at hyperbolic lattice-grid where: 
1. The 2 equal sides of each triangle will be at XY-axis. 
2. The hypotenuse is the line between two Zeros dots equidistant from the intersection 

between the two XY axes. 
See the picture below: 

 
Figure 5. Right-isosceles triangles at hyperbolic lattice-grid. 

Let 𝑎 be the side of the isosceles triangle and 𝑐 be the value of the hypotenuse. All hypotenuses 
𝑐 are diagonals −45˚. 

𝑐! = 2𝑎! 
𝑐 = √2𝑎 

The Square numbers line is the diagonal 45˚ 𝑥 = 𝑦. 
At the midpoint of the hypotenuses, the crossings with the diagonal line of the Square numbers 

occur. 
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The midpoint of the hypotenuse 𝑐 has coordinates (𝑥, 𝑦) = J$
!
, $
!
K. 

So, at hyperbolic lattice-grid, the midpoint of the hypotenuses will have a value given by J$
!
K
!
. 

If 𝑎 = 𝐸𝑣𝑒𝑛, the hypotenuses are in orange color and $
!
= 𝐼𝑛𝑡𝑒𝑔𝑒𝑟. So, J$

!
K
!
 is a product of 

two integers and they will cross the Square hyperbolas in one dot. 

If 𝑎 = 𝑂𝑑𝑑, the hypotenuses are in pink color and $
!
= 𝐼𝑛𝑡𝑒𝑔𝑒𝑟 + %

!
. So,  J$

!
K
!
 is not a product 

of two integers and they will cross the Oblong hyperbolas in two dots. 

J
𝑎
2K

!
− J

𝑎
2K =

𝑎
2 J
𝑎
2 − 1K =

2𝑘 + 1
2 W

2𝑘 + 1
2 − 1X = W𝑘 +

1
2X W𝑘 −

1
2X 

And, 

W𝑘 +
1
2X W𝑘 −

1
2X = W𝑘 −

1
2X W𝑘 +

1
2X = Y

𝑎
2Z [

𝑎
2\ = [

𝑎
2\ Y

𝑎
2Z 

4.1 Conclusion I: 

For each right-isosceles triangle of side 𝑎, the largest possible internal product of the triangle is 

𝑥𝑦 = J$
!
K
!
. 

• All the 𝑥𝑦 > J$
!
K
!
 products on hyperbolic lattice-grid occur outside the right-

isosceles triangle with side 𝑎. 
• Not all internal 𝑥𝑦 products on the right-isosceles triangle are covered by it every 

time the 𝑥𝑦 product occurs on the hyperbolic lattice-grid. This happens because the 
difference between the divisors of the product 𝑥𝑦 always increases until it reaches 
|𝑥 − 𝑦| = 𝑥𝑦 − 1 where one divisor is 1. 

4.2 Conclusion II: 

For each right-isosceles triangle of side 𝑎, the largest possible 𝑥𝑦 product covered by the triangle 
at all times it occurs in the hyperbolic lattice-grid is 𝑥𝑦 = 𝑎 − 1. 

• If we want to count, collect, or organize all the 𝑥𝑦 products that appear in the 
hyperbolic lattice-grid up to a certain value 𝑧, we do a right-isosceles triangle of side 
𝑎 = 𝑧 + 1. Then, we count, collect, or organize all the 𝑥𝑦 products covered by the 
triangle and despise all products 𝑥𝑦 > 𝑧. 
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5. The Multiplication Table in Hyperbolic Lattice-Grid 

Note that there is no need to study both the products 𝑧 = 𝑥𝑦 and 𝑧 = 𝑦𝑥 formed by Hyperbolic 
Lattice-Grid. There is a total symmetry in all hyperbolas whose axis of symmetry representing 
the Squares is the diagonal 𝑥 = 𝑦. 

 
Figure 6. The Multiplication Table is made by the product of two Integers 𝑥𝑦. 

Then, to avoid repeated divisors (𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 ∗ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑛𝑑), in the multiplication table, all 
rows will start on a square number. 

• Row 0 starts on 𝑧 = 0! and all the dots in this row will be 𝑧 = 0, 𝑥 ≥ 0.  
• Row 1 starts on 𝑧 = 1! and all the dots in this row will be 𝑧 = 𝑥, 𝑥 ≥ 1.  
• Row 2 starts on 𝑧 = 2! and all the dots in this row will be 𝑧 = 2𝑥, 𝑥 ≥ 2.  
• Row 3 starts on 𝑧 = 3! and all the dots in this row will be 𝑧 = 3𝑥, 𝑥 ≥ 3.  
• Row 4 starts on 𝑧 = 4! and all the dots in this row will be 𝑧 = 4𝑥, 𝑥 ≥ 4.  
• ... 
• Row 𝑦 starts on 𝑧 = 𝑦! and all the dots in this row will be 𝑧 = 𝑦𝑥, 𝑥 ≥ 𝑦.  

In this way, considering the results of Hyperbolic Sieve of Products 𝑧 = 𝑥𝑦 where 𝑥 and 𝑦 are 
Integers in Hyperbolic Lattice-Grid, we will have all possible multiplications of the form 𝑧 =
𝑥𝑦 = 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟 ∗ 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑛𝑑 = 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 where: 

1. All possible divisors of the products are used; and 
2. There is no divisor repeated. There is no pair (𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑒𝑟,𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑛𝑑)	repeated. 
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Consequently, besides the Zero and One, we have all the Primes results once and all the 
Composites results repeated at accordingly with their number of divisors in such a way there is 
no divisor repeated. 

The divisors will be following exactly the sequence A038548 Number of divisors of 𝑧 > 0 
that are at most √𝑧. The sequence is: {1, 1, 1, 2, 1, 2, 1, 2, 2, 2, 1, 3, 1, 2, 2, 3, 1, 3, 1, 3, 2, 2, 1, 
4, 2, 2, 2, 3, 1, 4, 1, 3, 2, 2, 2, 5, 1, 2, 2, 4, 1, 4, 1, 3, 3, 2, 1, 5, 2, 3, 2, 3, 1, 4, 2, 4, 2, 2, 1, 6, 1, 2, 
3, 4, 2, 4, 1, 3, 2, 4, 1, 6, 1, 2, 3, 3, 2, 4, 1, 5, 3, 2, 1, 6, 2, 2, 2, 4, 1, 6, 2, 3, 2, 2, 2, 6, 1, 3, 3, 5, 1, 
4, 1, 4, 4, …} 
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6. Organizing all xy Products using all possible divisors only once 

Now we can use all the conclusions made so far in the multiplication table to organize all possible 
Integer multiplications in the form of 𝑧 = 𝑥𝑦. We have to order by-products the 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠 ≤ √𝑧 
in ascending order and the 𝑑𝑖𝑣𝑖𝑠𝑜𝑟𝑠 ≥ √𝑧 in descending order, like the table below: 

A
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 l
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 A
0

3
8

5
4

8
(z

) 
ti

m
es

.  

1 * 1 = 1 

2 * 1 = 2 

3 * 1 = 3 

2 * 2 = 4 

4 * 1 = 4 

5 * 1 = 5 

3 * 2 = 6 

6 * 1 = 6 

7 * 1 = 7 

4 * 2 = 8 

8 * 1 = 8 

3 * 3 = 9 

9 * 1 = 9 

5 * 2 = 10 

10 * 1 = 10 

11 * 1 = 11 

4 * 3 = 12 

6 * 2 = 12 

12 * 1 = 12 

13 * 1 = 13 

7 * 2 = 14 

14 * 1 = 14 

5 * 3 = 15 

15 * 1 = 15 

4 * 4 = 16 

8 * 2 = 16 

16 * 1 = 16 

17 * 1 = 17 

6 * 3 = 18 

9 * 2 = 18 

18 * 1 = 18 

19 * 1 = 19 

5 * 4 = 20 

10 * 2 = 20 

20 * 1 = 20 

7 * 3 = 21 

21 * 1 = 21 

11 * 2 = 22 

22 * 1 = 22 

23 * 1 = 23 

Table 1. All the unique products 𝑧 = 𝑥𝑦 until 𝑧 = 23.  
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1. The multiplier column sorted by the products will form the sequence A161908 Array 
read by rows in which row z lists the divisors of z that are ≥ √𝑧. 
{1, 2, 3, 2, 4, 5, 3, 6, 7, 4, 8, 3, 9, 5, 10, 11, 4, 6, 12, 13, 7, 14, 5, 15, 4, 8, 16, 17, 6, 9, 
18, 19, 5, 10, 20, 7, 21, 11, 22, 23, 6, 8, 12, 24, 5, 25, 13, 26, 9, 27, 7, 14, 28, 29, 6, 10, 
15, 30, 31, 8, 16, 32, 11, 33, 17, 34, 7, 35, 6, 9, 12, 18, 36, 37, 19, 38, 13, 39, 8, 10, 20, 
40, 41, 7, 14, 21, 42, 43, 11, 22, 44, 9, 15, 45, 23, 46, 47, 8, 12, 16, …}. 

Array begins: 

A
1

6
1

9
0

8
 A
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ay

 r
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d
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y 
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w
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in
 

w
h
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h
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 l
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).
 

  

1   
2   
3   
2 4  

5   
3 6  

7   
4 8  

3 9  

5 10  

11   
4 6 12 

13   
7 14  

5 15  

4 8 16 

Table 2. The divisors ≥ √𝑧 of the products 𝑧 = 𝑥𝑦. 

The array’s row lengths are the number of divisors of 𝑧 that are at most √𝑧. It is given by the 
sequence A038548. {1, 1, 1, 2, 1, 2, 1, 2, 2, 2, 1, 3, 1, 2, 2, 3, 1, 3, 1, 3, 2, 2, 1, 4, 2, 2, 2, 3, 1, 4, 
1, 3, 2, 2, 2, 5, 1, 2, 2, 4, 1, 4, 1, 3, 3, 2, 1, 5, 2, 3, 2, 3, 1, 4, 2, 4, 2, 2, 1, 6, 1, 2, 3, 4, 2, 4, 1, 3, 2, 
4, 1, 6, 1, 2, 3, 3, 2, 4, 1, 5, 3, 2, 1, 6, 2, 2, 2, 4, 1, 6, 2, 3, 2, 2, 2, 6, 1, 3, 3, 5, 1, 4, 1, 4, 4, …}. 
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2. The multiplicand column sorted by the products form the sequence Array read by rows 
in which row 𝑧 lists the divisors of 𝑧 that are ≤ √𝑧. {1, 1, 1, 2, 1, 1, 2, 1, 1, 2, 1, 3, 1, 2, 
1, 1, 3, 2, 1, 1, 2, 1, 3, 1, 4, 2, 1, 1, 3, 2, 1, 1, 4, 2, 1, 3, 1, 2, 1, 1, 4, 3, 2, 1, 5, 1, 2, 1, 3, 
1, 4, 2, 1, 1, 5, 3, 2, 1, 1, 4, 2, 1, 3, 1, 2, 1, …} 

Array begins: 

A
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1   
1   
1   
2 1  

1   
2 1  

1   
2 1  

3 1  

2 1  

1   
3 2 1 

1   
2 1  

3 1  

4 2 1 

Table 3. The divisors ≤ √𝑧 of the products 𝑧 = 𝑥𝑦. 

Also, the array’s row lengths are the number of divisors of 𝑧 that are at most √𝑧. It is given by 
the sequence A038548.  
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3. Finally, the products of multiplier as divisors ≤ √𝑧 times multiplicand as divisors ≥ √𝑧, 
sorted by the products, form the sequence Array read by rows in which row z lists z 
A038548(z) times. {1, 2, 3, 4, 4, 5, 6, 6, 7, 8, 8, 9, 9, 10, 10, 11, 12, 12, 12, 13, 14, 14, 
15, 15, 16, 16, 16, 17, 18, 18, 18, 19, 20, 20, 20, 21, 21, 22, 22, 23, 24, 24, 24, 24, 25, 
25, 26, 26, 27, 27, 28, 28, 28, 29, 30, 30, 30, 30, 31, 32, 32, 32, 33, 33, 34, 34, ...}. 

Arrays product: 
A

1
6

1
9

0
8
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z
 l
is

ts
 z

 A
0

3
8

5
4

8
(z

) 
ti

m
es

. 

  

1    1    1   
2    1    2   
3    1    3   
2 4  X 2 1  = 4 4  

5     1     5   
3 6   2 1   6 6  

7    1    7   
4 8   2 1   8 8  

3 9   3 1   9 9  

5 10   2 1   10 10  

11    1    11   
4 6 12  3 2 1  12 12 12 

13    1    13   
7 14   2 1   14 14  

5 15   3 1   15 15  

4 8 16  4 2 1  16 16 16 

Table 3. The mechanism of the divisors and the products 𝑧 = 𝑥𝑦. 

The number of divisors for each product is given by the sequence A000005 d(z) (also called 
tau(z) or sigma_0(z)), the number of divisors of z. {1, 2, 2, 3, 2, 4, 2, 4, 3, 4, 2, 6, 2, 4, 4, 5, 2, 6, 
2, 6, 4, 4, 2, 8, 3, 4, 4, 6, 2, 8, 2, 6, 4, 4, 4, 9, 2, 4, 4, 8, 2, 8, 2, 6, 6, 4, 2, 10, 3, 6, 4, 6, 2, 8, …}. 
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