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We investigate the possibility of a semantic account of the execution time (i.e. the number of ,-steps
leading to the normal form, if any) for the shuffling calculus, an extension of Plotkin’s call-by-value
A-calculus. For this purpose, we use a linear logic based denotational model that can be seen as a non-
idempotent intersection type system: relational semantics. Our investigation is inspired by similar ones
for linear logic proof-nets and untyped call-by-name A-calculus. We first prove a qualitative result: a
(possibly open) term is normalizable for weak reduction (which does not reduce under abstractions) if
and only if its interpretation is not empty. We then show that the size of type derivations can be used
to measure the execution time. Finally, we show that, differently from the case of linear logic and
call-by-name A -calculus, the quantitative information enclosed in type derivations does not lift to types
(i.e. to the interpretation of terms). To get a truly semantic measure of execution time in a call-by-value
setting, we conjecture that a refinement of its syntax and operational semantics is needed.

1 Introduction

Type systems enforce properties of programs, such as termination or deadlock-freedom. The guarantee
provided by most type systems for the A-calculus is termination.

Intersection types have been introduced as a way of extending simple types for the A-calculus to
“finite polymorphism”, by adding a new type constructor N and new typing rules governing it. Contrarily
to simple types, intersection types provide a sound and complete characterization of termination: not only
typed programs terminate, but all terminating programs are typable as well (see [[14} 15, 36, 30] where
different intersection type systems characterize different notions of normalization). Intersection types are
idempotent, that is, they verify the equation AN A = A. This corresponds to an interpretation of a typed
term ¢: AN B as “¢ can be used both as data of type A and as data of type B”.

More recently [[19, 129, (32} [11] (a survey can be found in [9]), non-idempotent variants of intersection
types have been introduced: they are obtained by dropping the equation ANA = A. In a non-idempotent
setting, the meaning of the typed term t: ANA N B is refined as “f can be used twice as data of type A
and once as data of type B”. This could give to programmers a way to keep control on the performance
of their code and to count resource consumption. Finite multisets are the natural setting to interpret an
associative, commutative and non-idempotent connective N: if A and B are non-idempotent intersection
types, the multiset [A,A, B] represents the non-idempotent intersection type ANANB.

Non-idempotent intersection types have two main features, both enlightened in de Carvalho’s system
R [[L1]:

1. Bounds on the execution time: they go beyond simply qualitative characterisations of termination,
as type derivations provide quantitative bounds on the execution time (i.e. on the number of 3-steps
to reach the 3-normal form). Therefore, non-idempotent intersection types give intensional insights
on programs, and seem to provide a tool to reason about complexity of programs. The approach is
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defining a measure for type derivations and showing that the measure gives (a bound to) the length
of the evaluation of typed terms.

2. Linear logic interpretation: non-idempotent intersection types are deeply linked to linear logic
(LL) [20]. Relational semantics [21} [7] — the category Rel of sets and relations endowed with
the comonad ! of finite multisets —is a sort of “canonical”’ denotational model of LL; the Kleisli
category Rel, of the comonad ! is a CCC and then provides a denotational model of the ordinary
(i.e. call-by-name) A-calculus. Non-idempotent intersection types can be seen as a syntactic
presentation of Rel,: the semantics of a term ¢ is the set of conclusions of all type derivations of ¢.

These two facts together have a potential, fascinating consequence: denotational semantics may
provide abstract tools for complexity analysis, that are theoretically solid, being grounded on LL.

Starting from [11]], research on relational semantics/non-idempotent intersection types has proliferated:
various works in the literature explore their power in bounding the execution time or in characterizing
normalization [12}|8}16, 27,5, [13}1341128,19,31]. All these works study relational semantics/non-idempotent
intersection types either in LL proof-nets (the graphical representation of proofs in LL), or in some variant
of ordinary (i.e. call-by-name) A-calculus. In the second case, the construction of the relational model
Rel, sketched above essentially relies on Girard’s call-by-name translation (-)" of intuitionistic logic into
LL, which decomposes the intuitionistic arrow as (A = B)" = !A" — B".

Ehrhard [17] showed that the relational semantics Rel of LL induces also a denotational model for
the call-by-value l—calculu{] that can still be viewed as a non-idempotent intersection type system.
The syntactic counterpart of this construction is Girard’s (“boring”) call-by-value translation (-)" of
intuitionistic logic into LL [20], which decomposes the intuitionistic arrow as (A = B)" = (A" — B").
Just few works have started the study of relational semantics/non-idempotent intersection types in a
call-by-value setting [[17, 16,10, [18]], and no one investigates their bounding power on the execution time
in such a framework. The aim of our paper is to fill this gap and to study the information enclosed in
relational semantics/non-idempotent intersection types concerning the execution time in the call-by-value
A-calculus.

A difficulty arises immediately in the qualitative characterization of call-by-value normalization via
the relational model. One would expect that the semantics of a term ¢ is non-empty if and only if # is
(strongly) normalizable for (some restriction of) the call-by-value evaluation — , but it is impossible to
get this result in Plotkin’s original call-by-value A-calculus A, [33]]. Indeed, the terms ¢ and u below are
B,-normal but their semantics in the relational model are empty:

t = (Ay.A)(zl)A u:=A((Ay.A)(zl)) (where A := Ax.xx and I := Ax.x) (1)

Actually, ¢ and u should behave like the famous divergent term AA, since in A, they are observationally
equivalent to AA with respect all closing contexts and have the same semantics as AA in all non-trivial
denotational models of Plotkin’s A,.

The reason of this mismatching is that in A, there are stuck B-redexes such as (Ay.A)(zl) in Eq. (1)),
i.e. B-redexes that f,-reduction will never fire because their argument is normal but not a value (nor will
it ever become one). The real problem with stuck 3-redexes is that they may prevent the creation of other
B,-redexes, providing “premature” B,-normal forms like ¢t and u in Eq. . The issue affects termination
and thus can impact on the study of observational equivalence and other operational properties in A,.

UIn call-by-value evaluation — B, function’s arguments are evaluated before being passed to the function, so that B-redexes
can fire only when their arguments are values, i.e. abstractions or variables. Call-by-value evaluation is the most common
parameter passing mechanism used by programming languages.
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In a call-by-value setting, the issue of stuck -redexes and then of premature 3,-normal forms arises
only with open terms (in particular, when the reduction under abstractions is allowed, since it forces to
deal with “locally open” terms). Even if to model functional programming languages with a call-by-value
parameter passing, such as OCaml, it is usually enough to just consider closed terms and evaluation not
reducing under abstractions (i.e. function bodies are evaluated only when all parameters are supplied),
the importance to consider open terms in a call-by-value setting can be found, for example, in partial
evaluation (which evaluates a function when not all parameters are supplied, see [26]]), in the theory of
proof assistants such as Coq (in particular, for type checking in a system based on dependent types, see
[22]), or to reason about (denotational or operational) equivalences of terms in A, that are congruences, or
about other theoretical properties of A, such as separability or solvability [33} 39} 3} [10].

In order to overcome this issue, we study relational semantics/non-idempotent intersection types in
the shuffling calculus Ag,, a conservative extension of Plotkin’s A, proposed in [10] and further studied
in [23, 24}, 2 23]]. 1t keeps the same term syntax as A, and adds to f8,-reduction two commutation rules,
o1 and o3, which “shuffle” constructors in order to move stuck f-redexes: they unblock f,-redexes
that are hidden by the “hyper-sequential structure” of terms. These commutation rules (referred also
as o-reduction rules) are similar to Regnier’s o-rules for the call-by-name A-calculus [37, 38] and are
inspired by the aforementioned (-)" translation of the A-calculus into LL proof-nets.

Following the same approach used in [[11]] for the call-by-name A-calculus and in [12] for LL proof-
nets, we prove that in the shuffling calculus Ag,:

1. (qualitative result) a possibly open term is normalizable for weak reduction (not reducing under
A’s) if and only if its interpretation in the relational semantics is not empty (Thm. [16); this result
was already proven in [[10]] using different techniques;

2. (quantiative result) the size of type derivations can be used to measure the execution time, i.e. the
number of f,-steps (and not o-steps) to reach the normal form of the weak reduction (Prop. .

Finally, we show that, differently from the case of LL and call-by-name A-calculus, we are not able to
lift the quantitative information enclosed in type derivations to types (i.e. to the interpretation of terms)
following the same technique used in [L1}[12], as our Ex.[25|shows. In order to get a genuine semantic
measure of execution time in a call-by-value setting, we conjecture that a refinement of its syntax and
operational semantics is needed.

Even if our main goal has not yet been achieved, this investigation leaded to new interesting results:

1. all normalizing weak reduction sequences (if any) in Ag, from a given term have the same number
of B,-steps (Cor. ; this is not obvious, as we shall explain in Ex.

2. terms whose weak reduction in Ag;, ends in a value has an elegant semantic characterization
(Prop. , and the number of f3,-steps needed to reach their normal form can be computed in a
simple way from a specific type derivation (Thm. 24)).

Omitted proofs are in Appendix [A]together with a list of notations and terminology used here.

2 The shuffling calculus

In this section we introduce the shuffling calculus Asp, namely the call-by-value A-calculus defined in [10]
and further studied in [23] 24} 2 25]]: it adds two commutation rules — the ;- and o3-reductions — to
Plotkin’s pure (i.e. without constants) call-by-value A-calculus A, [35]. The syntax for terms of Agp, is the
same as Plotkin’s A, and then the same as the ordinary (i.e. call-by-name) A-calculus, see Fig.
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terms: tou,st=v | tu (set: A)
values: vi=x| Axt (set: A)
contexts: C:= ()| Ax.C|Cr|tC (set: A¢)
Balanced contexts: B:= ()| (Ax.B)t | Bt | tB (set: Ap)
Root-steps:  (Ax.t)v =g t{v/x} (Ax.t)us —o, (Ax.ts)u, x¢fv(s) v((Ax.s)u) =g, (Ax.vs)u, x¢fv(v)
o= o U, Frsh =g, U e

r-reduction: t—u < ICEAc, I W EAN:t =C{t"),u=C{), t'—
P-reduction: t —,u <= IBE€ Ag, 3t W' € At =B{t'), u=BW), t' > i

Figure 1: The shuffling A-calculus Agp,

Clearly, A, C A. All terms are considered up to ¢t-conversion (i.e. renaming of bound variables). The
set of free variables of a term 7 is denoted by fv(¢): 7 is open if fv(t) # 0, closed otherwise. Given v € A,,
t{v/x} denotes the term obtained by the capture-avoiding substitution of v for each free occurrence of x
in the term ¢. Note that if v,v € A, then v{V'/x} € A, (values are closed under substitution).

One-hole contexts C are defined as usual, see Fig. Il We use C(¢) for the term obtained by the
capture-allowing substitution of the term ¢ for the hole (-) in the context C. In Fig. [1| we define also a
special kind of contexts, balanced contexts B.

Reductions in the shuffling calculus are defined in Fig.[T]as follows: given a root-step rule —, C A X A,
we define the r-reduction —, (resp. -reduction —») as the closure of —, under contexts (resp. balanced
contexts). The r’-reduction is non-deterministic and — because of balanced contexts — can reduce under
abstractions, but it is “morally” weak: it reduces under a A only when the A is applied to an argument.
Clearly, —_» C —>sh since —gp, can freely reduce under A4 ’s.

The root-steps used in the shuffling calculus are g, (the reduction rule in Plotkin’s 4,), the commu-
tation rules ¢, and ¢, and —¢ = 5, U 6, and ¢, := g U —>¢. The side conditions for g,
and g, in Fig.[I]can be always fulfilled by o-renaming. For any r € {B,,01,03,0,sh}, if t —, ¢’ then
tis a r-redex and t' is its r-contractum. A term of the shape (Ax.t)u is a B-redex. Clearly, any f3,-redex
is a B-redex but the converse does not hold: (Ax.z)(yl) is a B-redex but not a fB,-redex. Redexes of
different kind may overlap: for instance, the term AIA is a o;-redex and contains the f3,-redex Al; the
term A(/A)(xI) is a o;-redex and contains the o3-redex A(/A), which contains in turn the B,-redex /A.

From definitions in Fig. mit follows that =gy =—pg U —¢ and = =—¢ U —>¢;, as well as —_, =
—pU =g and =5 = — o U—g o ,. The shuffling (resp. balanced shuffling) calculus Asp, (resp. bh) is the
set A of terms endowed with the reduction —rsh (resp. —,»). The set A endowed with the reduction —g,
is Plotkin’s pure call-by-value A-calculus A, [33]], a sub-calculus of Agp,.

Proposition 1 (Basic properties of reductions, [33, [10]). The o- and o’-reductions are confluent and
strongly normalizing. The B,-, ﬁvb- sh- and sh’reductions are confluent.

Example 2. Recall the terms 7 and u in Eq. ' t=(Ay.A)(xI)A— o (Ay.AA) (x) = gy (Ay.AA) (xI) =g, ..
and u = A((Ay.A)(xI)) — o (Ay.AA)(xI) =g, (Ay.AA) (xI) =g, . .. are the only possible sh-reduction paths
from ¢ and u respectlvely t and u are not sh-normalizable and ¢ ~¢, u. But ¢ and u are 3,-normal
((Ay.A)(xI) is a stuck B-redex) and different, hence ¢ %5 u by confluence of — g, (Prop. |l .

Example [2| shows how o-reduction shuffles constructors and moves stuck f-redex in order to unblock
B,-redexes which are hidden by the “hyper-sequential structure” of terms, avoiding “premature” normal
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forms. An alternative approach to circumvent the issue of stuck -redexes is given by A,sup, the call-
by-value A-calculus with explicit substitutions introduced in [3]], where hidden f,-redexes are reduced
using rules acting at a distance. In [2] it has been shown that A, and Agp, can be embedded in each other
preserving termination and divergence. Interestingly, both calculi are inspired by an analysis of Girard’s
“boring” call-by-value translation of A-terms into linear logic proof-nets [20) [1] according to the linear
recursive type o0 = !o —o lo, or equivalently o = !(0 —o 0). In this translation, sh-reduction corresponds to
cut-elimination, more precisely f,-steps (resp. o-steps) correspond to exponential (resp. multiplicative)
cut-elimination steps; sh’-reduction corresponds to cut-elimination at depth 0.
Consider the two subsets of terms defined by mutual induction (notice that A, C A, 2 A,):

az=xv|xa|an (set: A) ni=v|a|(Ax.n)a (set: Ap).

Any t € A, is neither a value nor a f3-redex, but an open applicative term with a free “head variable”.

Proposition 3 (Syntactic characterization on sh’-normal forms). Let t be a term.:

o ¢ is sh’normal ifft € Ay;
e 1 is sh™normal and is neither a value nor a B-redex iff t € A,.

Stuck f-redexes correspond to sh’-normal forms of the shape (Ax.n)a. As a consequence of Prop.
the behaviour of closed terms with respect to sh’-reduction is quite simple: either they diverge or they
sh’-normalize to a (closed) value. Indeed:

Corollary 4 (Syntactic characterization of closed sh’-normal forms). Let t be a closed term: t is sh’-
normal iff t is a value iff t = Ax.u for some term u with fv(u) C {x}.

3 A non-idempotent intersection type system

We aim to define a non-idempotent intersection types system in order to characterize the (strong) normal-
izable terms for the reduction —>,.
Types are positive or negative types, defined in turn by mutual induction as follows:

Negative Types: M,N =P —Q Positive Types:  P,Q 1= [Ny,...,N,] (withn € N)

where [Ny, ...,N,]| is a (possibly empty) finite multiset of negative types; in particular the empty multiset
[] (obtained for n = 0) is the atomic (positive) type. A positive type [Ni,...,N,] has to be intended as
a conjunction Ni A --- AN, of negative types Ni,...,N,, for a commutative and associative conjunction
connective A that is not idempotent and whose neutral element is [].

The derivation rules for the non-idempotent intersection types system are in Fig. 2] In this typing
system, judgments have the shape I' -t : P where ¢ is a term, P is a positive type and I is an environment
(that is, a partial function from variables to positive types whose domain is finite). The sum of environments
I'WA is defined pointwise using the multiset sum, when I" and A have the same domain: if x € dom(I") =
dom(A), then (TWA)(x) =I'(x) WA(x). An environment I" such that dom(I") = {xy,...,x,} with x; # x;

and I'(x;) = m; for all 1 <i# j <nis often written as I = xj :m,...,x,:m,. Note that the sum of
environments & is commutative, associative and, given an environment I" with dom (") = {x;,...,x,}
(for some n € N), one has TWI'y =T iff [y = x;: [],...,x,: [] (i.e. Ty is the neutral element for W). The

notation 7 > I' - ¢: P means that 7 is a derivation with conclusion the judgment I' -#: P. We write 7w > ¢
if 7 is such that & > '+ ¢: P for some environment I" and positive type P.

Proof p.

Proof p.
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ax I'H1:[P— Q] I'tu:P
rwl’Ftu:Q

I, x:PHx:P

I,x:P Ft:0 neN I,x:P,Ft:0,
TowIy &J---Lﬂrnl—lx.t:[Pl — Q1,..., P, —OQn]

A

Figure 2: Non-idempotent intersection type system for the shuffling calculus. In the rules ax and A,
To=ux1:[],...,x,:[] (with x # x; for all 1 <i <n), and in the rule A, fv(t) C dom(I).

It is worth noticing that the typing system in Fig. [2]is syntax oriented: for each type judgment J there
is a unique derivation rule whose conclusion matches the judgment J.

The size |r| of a type derivation 7 is just the the number of @ rules in 7. Note that judgments play no
role in in the size of a derivation.

Example 5. Let / = Ax.x and x,x1,...,x; be pairwise distinct variable (with k € N). Setting I" =

x1:[],-..,xk: [], the derivations (typing /I and I with same type and same context)
—————— aX
Cox: [ Fx: ]
— A A _ A
= THI: ] —]]] CHI:] o T=TrI:]
THII:[]

are such that [77;| = 1 and |7;| = 0. Note that I — ., [ and |7;| = || + 1.

The following lemma (whose proof is quite technical) will play a crucial role to prove the substitution
lemma (Lemma(7) and the subject reduction (Prop. [§) and expansion (Prop.[I0).

Lemma 6 (Judgment decomposition for values). Let v € A,, A be an environment, and Py,...,P, be
positive types (for some p € N). There is a derivation T > AbFv: P WP, iff forall 1 <i < p there
are an environment A; and a derivation m; > A; = v: P; such that dom(A;) = ... = dom(A,) = dom(A)

and A =W!_ A.. Moreover, || =Y |m|.
The left-to-right direction of Lemma [6] means that, given > A+ v: P, for every p € N and every

decomposition of the positive type P into a multiset sum of positive types Pi, ..., Py, there are environments
Ay,...,A, such that A; = v: P is derivable for all 1 <i < p.
Lemma 7 (Substitution). Lett € Aandv € A,. If ti>T,x: Pt: Qand n' > AF v: P where dom(I') =
dom(A), then there exists T > TWAF t{v/x}: Q such that |t"| = |x| + |7'|.

We can now prove the subject reduction, with a quantitative flavour about the size of type derivations
in order to extract information about the execution time.
Proposition 8 (Quantitative balanced subject reduction). Lett,/' € Aand x>T+rt: Q.

1. Shrinkage under f3)-step: If t — B t' then |7t| > 0 and there exists a derivation ' with conclusion
['1": Q such that |t'| = |n| — 1.

2. Size invariance under ¢”-step: Ift — o t' then || > 0 and there exists a derivation ' with conclusion
[+ Q such that || = |x|.

In Prop. [8] the fact that —, does not reduce under A’s is crucial to get the quantitative information,
otherwise one can have a term 7 such that every derivation 7 o> I' - ¢: P is such that |7| = 0 (and then
there is no derivation #” with conclusion I' - #": P such that || = || — 1): this is the case, for example,
fort =2Ax.66 —p, 1.

In order to prove the quantitative subject expansion (Prop. [I0), we first need the following technical
lemma stating the commutation of abstraction with abstraction and application.
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Lemma 9 (Abstraction commutation).
1. Abstraction vs. abstraction: Lern € N. If 1 > A+ Ay.(Ax.t)v: Wl [P/ — P,] and y ¢ fv(v), then

1

there is T > A= (Ax.Ay.t)v: Wi [Pl — P] such that |7'| = ||+ 1 —n.

2. Application vs. abstraction: If @ > A ((Ax.t)v)((Ax.u)v): P then there exists a derivation T’ >
At (Ax.tu)v: P such that |7'| = |zt| — 1.

Proposition 10 (Quantitative balanced subject expansion). Ler 7,/ € Aand ' >T 1 Q.

1. Enlargement under anti-B.-step: If t —rgy t' then there is T > Tt t: Q with || = 7| + 1.

2. Size invariance under anti-c’-step: If t — ., t' then |&'| > 0 and there exists > T &t : Q such that
7| =[]

Actually, subject reduction and expansion hold for the whole sh-reduction —},, not only for the

balanced sh-reduction — ;. The drawback for —, is that the quantitative information about the size of
the derivation is lost in the case of a 3,-step.

Lemma 11 (Subject reduction). Lett,t' € Aand wi>T+1t: Q.

1. Shrinkage under B,-step: If t —g, t' then there is #' > T' ' Q with || > |&'|.

2. Size invariance under o-step: If t —¢ t’ then there is ' > T & t': Q such that |x| = |7'|.
Lemma 12 (Subject expansion). Lett,t' € Aand t' >TF1': Q.

1. Enlargement under anti-B,-step: Ift —p, t' then there is £ > T & t: Q with || > |&'|.

2. Size invariance under anti-o-step: If t —¢ t’ then there is 1 > U & t: Q such that |n| = |7'|.

In Lemmas andit is impossible to estimate more precisely the relationship between || and
|7’|. Indeed, Ex. [5|has shown that there are 7 > y: [] - 1: [] and 7y > y: [| F 1I: [] such that |m;| = 0 and
|7mr| = 1 (where I = Ax.x). So, given n € N, consider the derivations 7, >+ Ay.II: [[] — [],.".,[] — []]
and 7, > Ay [[] — [], .".,[] — []] below:

ETL'[[ 571711 , 7T1 7'L'1
o= y:[F1I:]] L yi[|FII: ] N = y:[IFI:]] L yi[lFI:]
EAYAL [ =[], .2 [ — []] FAyI: ([ =[], .2 [] = []]

Clearly, Ay.JI =y Ay.I (but Ay.II /., Ay.I) and the m, (resp. 7,) is the only derivation typing Ay./
(resp. Ay.IT) with the same type and environment as 7, (resp. 7). One has |m,| = n-|m;| = n and
|| = n-|m| = 0, thus the difference of size of the derivations 7, and 7, can be arbitrarely large (since
n € N); in particular | 7| = | 7|, so for n = 0 the size of derivations does not even strictly decrease.

4 Relational semantics: qualitative results

Lemmas|l1{and|12|have an important consequence: the non-idempotent intersection type system of Fig.
defines a denotational model for the shuffling calculus Ag, (Thm. below).

Definition 13 (Suitable list of variables for a term, semantics of a term). Lett € A and let xq,...,x, be
pairwise distinct variables, for some n € N.

If fv(t) C {x1,...,x,}, then we say that the list ¥ = (x,...,x,) is suitable fort.

If ¥ = (x1,...,%,) is suitable for ¢, the (relational) semantics, or interpretation, of t for X is

Iz ={((P1,...,R),Q) | 3> x1: Pi,....x: By 22 Q} .

Proof p.

Proof p.
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Essentially, the semantics of a term ¢ for a suitable list X of variables is the set of judgments for X and ¢
that can be derived in the non-idempotent intersection type system of Fig. [2]
If we identify the type P —o Q with the pair (P, Q) and if we set % = Uyen % Where:

Uy=0 Uy = M(U) ¥ M(U)  (A:(X) is the set of finite multisets over the set X)

then, for any ¢ € A and any suitable list ¥ = (xi,...,x;) for ¢, one has [t]y C .#(% )* x (% ); in partic-
ular, if 7 is closed and X = (), then [t] = {Q | 3w > F1: Q} C #(% ) (up to an obvious isomorphism).
Note that % = #:(% ) x A5(7 ): [17,[10] proved that the latter identity is enough to have a denotational
model for Ag,. We can also prove it explicitly using Lemmas|11]and[12]

Theorem 14 (Invariance under sh-equivalence). Let t,u € A, let n € N and let X = (x1,...,x,) be a
suitable list of variables for t and u. If t ~g, u then [t]z = [u]z.

An interesting property of relational semantics is that all sh’-normal forms have a non-empty inter-
pretation (Lemma . To prove that we use the syntactic characterization of sh’-normal forms (Prop. .
Note that a stronger statement (Lemma is required for sh’-normal forms belonging to A, in order to
handle the case where the sh’normal form is a P-redex.

Lemma 15 (Semantics of sh’normal forms). Let ¢ be a term, let k € N and let X = (x1,...,xx) be a list of
variables suitable for t.
1. If t € A, then for every positive type Q there exist positive types Py,...,P, and a derivation
T>x P, x Pt Q.
2. Ift € A, then there are positive types Q, Py, ..., P, and a derivation m > x1: Py,...,.xx: P12 Q.

3. Ift is sh’-normal then [t]z # 0.

A consequence of Prop. [§| (and Thm.[T4]and Lemma [I5) is a qualitative result: a semantic and logical
(if we consider our non-idempotent type system as a logical framework) characterization of (strong)
sh’-normalizable terms (Thm. [16). In this theorem, the main equivalences are between Points and 3|
already proven in [10] using different techniques. Points [2]and ] can be seen as “intermediate stages” in
the proof of the main equivalences, which are informative enough to deserve to be explicitely stated.
Theorem 16 (Semantic and logical characterization of shb—normalization). Lett € Aand let X = (x1,...,x,)
be a suitable list of variables for t. The following are equivalent:
. t is sh™normalizable;

~

. t ~g, u for some sh’-normal u € A;

2
3. [tz #0:

4. there exists a derivation > x1: Py,...,x,: P, - t: Q for some positive types Py,...,P,,0;
5

. t is strongly sh’-normalizable.

Equivalence (3)«<(I) means that normalization and strong normalization are equivalent for sh’-
reduction, thus in studying the termination of sh’-reduction no intricacy arises from its non-determinism.
Equivalence (I)<(2) says that sh’-reduction is complete to get sh’-normal forms; in particular, this entails
that every sh-normalizable term is sh’-normalizable. Equivalence (T)< (@) is the analogue of a well-
known theorem [4, Thm. 8.3.11] for ordinary (i.e. call-by-name) A-calculus relating head f3-reduction
and B-equivalence: this corroborates the idea that sh’-reduction is the “head reduction” in a call-by-value
setting, despite its non-determinism.

The implication (5)=-(3)) does not hold in Plotkin’s A,: indeed, the terms 7 and u in Eq. (1)) (see also
Ex.[2)) are B,-normal (because of a stuck f-redex) but [t]; = @ = [u],. Equivalences such as the ones in
Thm. {16/ hold in a call-by-value setting provided that 3,-reduction is extended, e.g. by adding o-reduction
(see [2] for other equivalent approaches).
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Lemma 17 (Uniqueness of the derivation with empty types; Semantic and logical characterization of
values). Lett € A be sh’>normal and % = (x1,...,x;) be suitable fort.

1. Forevery wt>xy:[],...,x: [|Fe:[Jand o' > xp:[],...,xx: [|F 22 ], one hast € A, |7| =0 and
7t = 7t'. More precisely, Tt consists only of the rule ax if t is a variable, otherwise t is an abstraction
and 7 consists only of a 0-ary rule A.

2. The following are equivalent:

(a) tis a value; (c) there exists Tt>xy: [],....x: [JFe:[];
() ([],-%,1D),1]) € ]z (d) there exists m >t such that |x| = 0.

Qualitatively, Lemma|[I7)allows us to refine the semantic and logical characterization given by Thm. [16]
for a specific class of terms: the valuable ones, i.e. the terms that sh’-normalize to a value. Valuable terms
are all only the terms whose semantics contains a specific element: the point with only empty types.

Proposition 18 (Logical and semantic characterization of valuability). Let t be a term and X = (x1, ..., xx)
be suitable for t. The following are equivalent:

1. t is sh®-normalizable and the sh’-normal form of t is a value;

2..((0-5 I, ) € s

3. there exists m > xp: [],...,xc: [|F o]

S The quantitative side of type derivations

From the quantitative subject reduction (Prop. [§) it follows immediately that the size of any derivation
typing a (shb—normalizable) term ¢ is an upper bound on the number of f)-steps in any shb-normalizing
reduction sequence from ¢, since the size of a type derivation decreases by 1 after each ﬁvb—step, and does
not change after each o”-step.

Corollary 19 (Upper bound for the number of Bf—steps). Let t be a sh’-normalizable term and 1y be its
shb-normalform. For any reduction sequence d : t —>Zhb to and any 7 > t, lengﬁv,(d) <|m|.

In order to extract from a type derivation the exact number of ﬁvb—steps to reach the sh’-normal form,
we have to take into account that a sh’-normal form could have only type derivations whose size is not 0,
so we should consider also the size of (type derivations of) sh’-normal forms.

The balanced size of a term ¢, denoted by |¢],, is defined by induction on ¢ as follows (v € A,):

v[,=0

] Is|,+ ul,+1 ifr=Ax.s
ul, =
’ |t],+ |u|,+1 otherwise

So, the balanced size of a term ¢ is the number of applications occurring in # under a balanced context, i.e.
the number of pairs (u, s) such that # = B{us) for some balanced context B. For instance, |(Ax.yy)(zz)|,= 3
and |(Ax.Ax"yy)(zz)|, = 2. The following lemma can be see as a quantitative version of Lemma[15]

Lemma 20 (Relationship between sizes). Lett € A, k € N and X = (xy,...,x;) suitable fort.
1. Ift is sh’-normal then |t|, = inf{|7| | w > x1: Pp,...,xc: P12 Q).
2. Iftis avalue then |t|,=inf{|7| | T >x1: P1,...,.x: P 1:Q} =0.

Proof p. @
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Thus, the balanced size of a sh>normal form n equals the minimal size of the type derivation of n.
Proposition 21 (Exact number of ﬁvb-steps). Let t be a sh’-normalizable term and to be its sh’-normal form.
For every reduction sequence d: t —,, o and every T 1> 1 and T > 1o such that || = inf{|7'| | ' > 1}
and |my| = inf{|my| | my > 1o}, one has

lengg,(d) = |7| —|tol, = |7| =[] 2)
If moreover 1y is a value, then lengg,(d) = |7|.

Prop.|21{could seem slightly disappointinig: it allows us to know the exact number of Bﬁ-steps of a
shb—normalizing reduction sequence from ¢ only if we already know the sh’-normal form  of ¢ (or the
minimal derivation of #y), which essentially means that we have to perform the reduction sequence in order
to know the exact number of its Bvb—steps. However, Prop.|21|says also that this limitation is circumvented
in the case  sh’-reduces to a value. Moreover, a notable and immediate consequence of Prop. [21|is:
Corollary 22 (Same number of ﬁ‘jb—steps). Let t be a sh’-normalizable term and ty be its sh’-normal form.
For all reduction sequences d : t _>:hb toandd': t _>:hb to, lengﬁg(d) = lengﬁv,(d’).

Even if sh’-reduction is weak, in the sense that it does not reduce under A’s, Cor. is not obvious at
all, since the rewriting theory of sh’-reduction is not quite elegant, in particular it does not enjoy any form
of (quasi-)diamond property because of o-reduction, as shown by the following example.

Example 23. Let? := (Ay.y')(A(xI))I: one has u = (1y.y")(A(xI)) o g (Az.(Ay.y)(zz)) (k) =: 5

and the only way to join this critical pair is by performing one 63b -step from u and two Glb -steps from s, so

that u — (Az.(Ay.y'I)(zz))(xI) o< (Az.(Ay.y')(z2)I)(xI) o4 5. Since each o’-step can create a new

B,-redex in a balanced context (as shown in Ex. [2)), a priori there is no evidence that Cor. should hold.
Cor. allows us to define the following function lengg : A — NU {eo}

lengg, (1) = {

In other words, in Ag, we can univocally associate with every term the number of ﬁvb—steps needed
to reach its sh’normal form, if any (the infinite is associated with the non-sh’-normalizable terms). The
characterization of sh’~normalization given in Thm.|16|allows us to determine through semantic or logical
means if the value of lengg,(r) is a finite number or not.

lengm(d) if there is a sh’-normalizing reduction sequence d from 7;

o otherwise.

Quantitatively, via Lemma|l7|we can simplify the way to compute the number of ﬁvb—steps to reach the
sh’-normal form of a valuable (i.e. that reduce to a value) term ¢, using only a specific type derivation of 7.
Theorem 24 (Exact number of ﬁvb—steps for valuables). Lett —>;‘hb v € A,. Forany X = (xy,...,x;) suitable
fort, and any m>xy: [],...,xc: [J 12 [], one has lengg)(1) = |7|.

Prop.[18|and Thm. [24{provide a procedure to determine whether a term ¢ sh’-normalizes to a value or
not and, in case, how many ﬁvb—steps are needed to reach its sh>-normal form (this number does not depend
on the reduction strategy according to Cor.[22)), considering only the term 7 and without performing any
sh’-reduction step:

1. check if there is a derivation & with empty types, i.e. T xy: [],....x: [JF2:[];

2. if it is so, compute the size |7|.

Remind that, according to Cor. 4} any closed term either is not sh’-normalizable, or it sh>normalizes to
a (closed) value. So, this procedure completely determines (qualitatively and quantitatively) the behavior
of closed terms with respect to sh’-reduction.

We do not have any evidence that this procedure is more efficient than effectively computing the
sh’-normal form by performing sh’-reduction steps.
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6 Conclusions

In order to get a truly semantic measure of the execution time in the shuffling calculus Agp,, we should first
be able to give an upper bound to the number of Bvb—steps in a sh’-reduction looking only at the semantics
of terms. Therefore, we need to define a notion of size for the elements of the semantics of terms. The
most natural approach is the following. For every positive type P = [P} — Q1,..., P, — Qk] € (U )
(with k € N), the size of Pis |P| = k+ Y% (|[P|+|Qi|). So, the size of a positive type P is the number
of occurrences of —o in P; in particular, |[]| = 0. For any ((Py,...,B,),Q) € My(%)* x (%) (with
k€ N), the size of ((P1,...,R), Q) is [((P1,-., P), Q)| = |Q| + X1, |Pl.

The approach of [11} [12] relies on a crucial lemma to find an upper bound (and hence the exact
length) of the execution time: it relates the size of a type derivation to the size of its conclusion,
for a normal term/proof-net. In Ag, this lemma should claim that “For every sh-normal form ¢, if
T>x: P, X Pt Qthen || < |((Py,...,P),Q)|”. Unfortunately, in Ag, this property is false!

Example 25. Let7 := Az.(1y.(Ax.x)(yy))(zz), which is a sh-normal closed value. Consider the derivation

alo =] ny“
allyIFAen(l—= " ey —lrw:
= eyl —IF Ar)om:[l m
@ [1F Ay (Ax)(w): [T =[] =] afl~ll~lFz(l—0 ,
][I F (y-Ge 0@ 0
= Az Ay (Axx) ) @): [T = [T = [T~ ]

where, for any variable x and any positive type P,

ax ax

al = Xl e PlFa[[] <P x:[[Fx:[]
x:[[] o PlFxx:P

Then, || = 2+ |m) | + |2l =) =4 > 3 = |[[[] — [[] — (] = []]I

We conjecture that in order to overcome this counterexample (and to successfully follow the method
of [[11,112] to get a purely semantic measure of the execution time) we should change the syntax and the
operational semantics of our calculus, always remaining in a call-by-value setting equivalent (from the
termination point of view) to Ag, and the other ones studied in [2]]. Intuitively, in Ex. t contains two
applications — (Ax.x)(yy) and (Ay.(Ax.x)(yy))(zz) — that are stuck B-redexes and are the source of two
“useless” instances of the rule @ in 7. The idea for the new calculus is to “fire” a stuck B-redex (Ax.t)u
without performing the substitution #{u/x}, but just creating an explicit substitution #[u /x| that removes
the application but “stores” the stuck B-redex.

Since Asp, is compatible with Girard’s call-by-value translation of A-terms into LL proof-nets, it could
seem surprising that some property holds in the general case of untyped LL proof-nets (as proven in [12])
but does not hold in the special case terms of Ag,. Actually, there is no contradiction because LL proof-nets
in [[12]] always require an explicit constructor for dereliction, whereas Ag}, is outside of this fragment since
variables correspond to exponential axioms (which keep implicit the dereliction).
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A Technical appendix: omitted proofs

The enumeration of propositions, theorems, lemmas already stated in the body of the article is unchanged

A.1 Preliminaries and notations

The set of A-terms is denoted by A. We set I := Ax.x and A := Ax.xx. Let =, C A X A.

o The reflexive-transitive closure of —, is denoted by —;. The r-equivalence ~, is the reflexive-
transitive and symmetric closure of —,.

e Let7 be aterm: ¢ is r-normal if there is no term u such that t —, u; ¢ is r-normalizable if there is
a r-normal term u such that + —; u, and we then say that u is a r-normal form of t; t is strongly
r-normalizable if it does not exist an infinite sequence of r-reductions starting from ¢. Finally, —, is
strongly normalizing if every u € A is strongly r-normalizable.

o — is confluent if [+ -—} C —7 -7+ From confluence it follows that: # ~, u iff t —7 s j<— u for
some term s; and any r-normalizable term has a unique r-normal form.

A.2  Omitted proofs and remarks of Section 2]
See p.H Proposition 3 (Syntactic characterization on sh’-normal forms). Let t be a term.:

o 1 is sh’-normal ifft € Ay

o 1 is sh>normal and is neither a value nor a B-redex iff t € A,.

Proof.

=-: We prove the left-to-right direction of both statements simultaneously by induction on ¢ € A.
If ¢ is a value then t € A, by definition.
Otherwise ¢ = us for some terms u,s. By simple inspection of the rules of —_;, one can deduce
that i and s shb—normal, u is not a B-redex (otherwise t would be a o}-redex) and if u is of the shape
Ax. then u is sh>normal; furthermore 7 is neither a B,- nor a o3-redex, hence there are only three
possibilities:

1. u is not a value: by induction hypothesis u € A, and s € A, therefore ¢ € A,.

2. u is not an abstraction and s is not a 3-redex: either u is a variable or u € A, by induction
hypothesis (since u is neither a value nor a B-redex). If s is not a value then s € A, by induction
hypothesis, so t € A, because ¢ is either of the form xa either of the form a’a (with A, C A,).
Otherwise s is a value, thus ¢ € A, since ¢ is either of the form xv either of the form av (with
Ay CAy).

3. s is neither a value nor a B-redex: by induction hypothesis s € A,; if u is a variable thenz € A,
because ¢ is of the form xa; if u is an abstraction then u = Ax.u’ where u’ is shb-normal, SO
u' € A, by induction hypothesis and thus t € A,, since 7 is of the form (Ax.n)a; finally, if u
is not a value then u € A, by induction hypothesis, hence ¢ € A, because ¢ is of the form d’a
(with A, C Ay).

<: The second statement follows from the first one, since A, C A, and if r € A, then ¢ is neither a
value nor a f3-redex. We prove the first statement by induction on t € A,,.

If 7 is a value then  is sh’-normal (no rule of —,» can be applied to 7).
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If t = xv for some variable x and value v then x and v are sh’-normal and xv is not a sh-redex;
therefore # is sh>-normal.

If t = xa for some variable x and term a € A, C A,, then x and (by induction hypothesis) a are
shb—normal, moreover a is not a B-redex (so ¢ is not a 03-redex), thus ¢ is sh’-normal.

If t = an or t = (Ax.n)a for some a € A, C A, and n € A, then a and n are sh’-normal by induction
hypothesis; moreover a is neither a value nor a f-redex, thus ¢ is not a sh-redex; therefore ¢ is
sh’-normal. O

Corollary 4 (Syntactic characterization of closed sh’-normal forms). Let t be a closed term: t is sh’
normal iff t is a value iff t = Ax.u for some term u with fv(u) C {x}.

Proof. By Prop.[3|and since ¢ is closed,  is sh’-normal iff 7 is a value (all terms in A, are open). Since ¢ is
closed and variables are open,  is a value iff r = Ax.u for some u with fv(u) C {x}. O

A.3 Omitted proofs and remarks of Section

Lemma 26 (Free variables in environment). If the judgment T\t : P is derivable then fv(t) C dom(T)
and if moreover x € dom(I") N fv(z) then T'(x) = [].

Proof. By straightforward induction on ¢ € A. O

Remark 27. If ¢ is an application and 7 t> ¢, then |7| > 0.

Lemma 6 (Judgment decomposition for values). Let v € A,, A be an environment, and Py,...,P, be
positive types (for some p € N). There is a derivation T > A v: P WP, iff for all 1 <i < p there
are an environment A; and a derivation m; > A; & v: P; such that dom(A) = ... = dom(A,) = dom(A)

and A = Lﬂle A;. Moreover,

7| :Z?:1|7Ti’~

Proof. Both directions are proved by cases, depending on whether v is a variable or an abstraction.

=: If v =y, then the last rule of 7 is ax and thus A = xy: [],...,xy: [],y: AW --- & P,. So, for all
1 <i < p, there are an environment A; = x;: [],...,Xu: [|,y: P, and a derivation
Ti="AFviP

with Lﬂf:l A;j=Aand |7F‘ =0= Zf:1|77:i|.
If v = Ax.t then the last rule of 7 is A, so there are n € N, positive types Q;,0],...,0n,Q
environments I'y, ..., [, such that A = I, WP =[01—0),...,0,— Q)] and

/
n

- -
17 LT,

T=Tx: 0 Fr: 0, . [p,x: 0ntt: 0,
AFvi[Q1 —Q),...,0n — Q]

Thus, up to renumbering the Q;’s and Q’s, there are environments Ay, .. .,A,, derivations 7y ,..., 7,
. . k,'
and integers k; =1 <kp <--- <k, <k, = p, such that, forall 1 <i<p, P,= L"lellq[Qj —o Q;]
and
) T
T : ﬂkH . kit1
= ke with A; = |+ [;
! Fki,XZQkil—lZQ;q ki1 ki Fk,-H;XZQk,-H "l‘ZQ;(iH ' U !

J=ki

AiFVZP,'
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ki ki
where || = ¥ ][, hence || = X @} = X X5 7] = Xyl
<: If v =y then, for all 1 <i < p, the last rule of 7; is ax, so A; = x1: [],...,x,: [],y: P, and |m;| = 0.
Since A=W Ai=x1:[],...,x.: [],y: W P, there is a derivation
ax

T="AFv: W P

where || =0=Y7 |m].

If v = Ax.t then, for all 1 < i < p, the last rule of 7; is A, so there are k; € N, environments
Aj1,. .., Ay, positive types Oi1, Oy, - - -, Qix;» Q. and derivations 71 , .. ., T, such that P = &Jl;i:l [Qij —
Q)1 A =15, A;j and

ST T, ki
W= . . ; . . where |7;| = |-
! A, x: Qi Ht: Qil ki, Aik, x: Qi Qéki N | i ng‘ l.l|
Al' Fv: P,
Since A=W Ajand W P, =W LJrJIJ‘.":l [0ij — Q)] there is a derivation 7 =
E71711 E7T1k1 “Tp1 E”pkp
A,x: Qe QR Alkl,x:Qlle:Q’lkl P, Apl,x:Q,,lH:QjD1 . Apkp,x:kath:Q;kp
Abv: Lﬂf:lP,'
ki ki
where || = X7 XL, 7| = LI |mi] because |m| = X7 |7 O

Corollary 28 (Minimal derivation for values). For any v € A, and any pairwise distinct variables
Xiy.oosXp With fv(v) C{x1,...,x,}, thereis w>xy: [],...,x,: [| v [] with |7| = 0.

Proof. Apply the right-to-left direction of Lemma [6]taking p = 0. O

Lemma 29 (Weakening). Lett € A and I be an environment such that x ¢ dom(I').
1. Adding weakening: If > T & ¢: P then there is ©' > T, x: [| b t: P such that |n| = |7'|.
2. Removing weakening: If #' > T, x: [| b ¢: P and x ¢ fv(t), then there exists T > T & t: P such that
7| =[]

Proof. Both points are proved by straightforward induction on ¢t € A. 0

Lemma 29| means that, given two judgments I'-7: P and A+ u: Q, we can suppose without loss
of generality that dom(I') = dom(A). In Lemma 29|[1] the hypothesis x ¢ dom(I") implies x ¢ fv(z), by
Lemma Lemma —a weakened converse of Lemma — fails when x € fv(¢), indeed the
judgment x: [] - x: [] is derivable but the judgment - x: [] is not.

Seep.H Lemma 7 (Substitution). Lett € Aandv € A,. If ti>T,x: P+t: Qand ' 1> AF v: P where dom(T') =
dom(A), then there exists T > TWAF t{v/x}: Q such that |n"| = |n|+|7'|.
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Proof. By induction on ¢ € A.

If t = x, then r{v/x} = v and the last rule of 7w is ax with P=Q and ' =y;: [],...,yn: [] (i # x for
all 1 <i<n), whence 'Y A = A and || = 0. We conclude by setting 7"/ = ’.

If t =y # x, then t{v/x} = y and the last rule of 7 is ax with P = [] (since x # y), whence |7| =0

andT=2z;:[],...,z: [],y: Q. By Lemmal6] from A+ v: [] it follows that |#’| = 0 and (since dom(T") =
dom(A)A=z1:[],...,zx: [],y: [], therefore T A =T So, the derivation

has conclusion WA F 7{v/x}: Q and is such that || =0 = |x| + |7'|.
If t = us, then t{v/x} = u{v/x}s{v/x} and

377:1 7'[2
T=Ix:Pibu[Qr—Q] Tox:Pbs:0 o
Ix:PFt:Q

with |7| = |m |+ |m|+1,T =T Wl and P = Py W P,. According to Lemma@ there are environments
A1, A, and derivations ] > A; - v: Py and 7 > Ay - v: P, such that A = Ay WA, and |7'| = |7]| + |75].
By induction hypothesis, there are derivations 7/ and 7} with conclusion I't WA F u{v/x}: [0 — Q]
and I’ WA, = s{v/x}: Oy, respectively, such that |7'| = |m |+ |7]| and || = |m| + |7)|. AsTWA =
I't WA W WA,, there is a derivation

., A 7y
T = DA Fu{v/x}: (00— 0] ThwAFs{v/x}: 0 .
Fr'wAFt{v/x}:Q

where || = |n]'| 4+ |7} | + 1 = [m | + |7} | + |m2| + |75 | + 1 = |7 + |7'| + 1.

If = Ay.u, then we can suppose without loss of generality that y ¢ fv(v) U{x} Udom(A), therefore
t{v/x} = Ay.u{v/x} and there are n € N, environments I'j, ..., T, positive types P, Q1,0,..., P, On, O,
suchthat =W, I, P=WL, P, Q=W ,[Qi — Q)] and

3751 7[,,
= Iy,y: Q1 x: P Fu: Q] R Lo, y: Qp,x: Pytu: Q) .
Ix:PFt:Q

with || = ¥} |m]. According to Lemma[29|[T} since y ¢ dom(A), there is a derivation ) with conclusion
A,y: []F v: P such that |m)| = |7’|. By applying Lemmal6]to m) (as P = |, P;), for all 1 <i < n there
are an environment A; and a derivation 7t/ > A;,y: [ F v: P, such that A = |/ A; and |m)| = Y7 |7/|. By
induction hypothesis, for all 1 <i < n, there is a derivation 7/ > I';WA;,y: Q; - u{v/x}: O} such that
|| = |m| + |x]|. Since TWA = |Ji_; T; WA, there is a derivation

-/ 7]
LT T
1 1 n

= LI WAL y: Q1 Fufv/x}: O] I L, WA, y: Op - u{v/x}: Q) N
F'wAF{v/x}:Q

where 7| = YL, || = X 1wl + Xl 7] = [7] + |m| = || + [ 7] =

i=1
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See p.H Proposition 8 (Quantitative balanced subject reduction). Lett,i’ € Aand x>T+1t: Q.
1. Shrinkage under 3)-step: Ift — B t' then |1t| > 0 and there exists a derivation T’ with conclusion
['t1": Q such that |n'| = |n| — 1.
2. Size invariance under o”-step: Ift — ¢’ then |1t| > 0 and there exists a derivation &' with conclusion
['+¢': Q such that || = |x|.

Proof. 1. Since 1 is not f,-normal, 7 is not a value and thus |7| > 0 according to Remark 27} The
proof that there exists a derivation ' > I'F¢": O such that |n'| = || — 1 is by induction on 7 € A.
Cases:

e Step at the root, i.e. t = (Ax.u)v —p u{v/x} =1t': then,

571'1
T = I'i,x:PFu:Q TL'2
I Axu: [P —o Q] IFv:P

I'kt:Q
where dom(I') = dom(T"}) = dom(I;), I =T W, and || = |m | + |m2| + 1. By the substi-
tution lemma (Lemma [7), there exists a derivation 77’ > I'-¢': Q such that |7'| = ||+ |m| =
|| — 1.
e Application Left,i.e.t = us —g, u's =" with u —p) u': then,

ETC] 7'L'2
T=Tiku:[P—-Q] TaFs:P
I'kt:Q
where dom(I') = dom(I";) = dom(I,), ' =T WI; and |7| = || + |m2| + 1. By induction
hypothesis, there exists a derivation 7] > I'; Fu: [P —o Q] such that |7{| = |m;| — 1. Therefore,
there exists a derivation

, ﬂ{ 7'L'2
T=Tru:[P—-Q] TDbs:P .
r~¢:0
where || = |7} |+ ||+ 1 = |m| + || +1—1=|n| - L.
e Application Right, i.e. t = us — g, us' =1t with s —p, s': then,

57171 57172
T= T Fu:[P—Q Ihbs:P
I'kt:Q
where dom(I") = dom(I'}) = dom(I;), ' =T W, and || = |7 | + |12 | + 1. By induction
hypothesis, there is a derivation 7j > I'; - u’: Q such that |7}| = |m,| — 1. Therefore, there
exists a derivation

, 377;1 7C£
T=Tihtu:[P—oQ Tyks:P .
H¢:0
where || = ||+ |75 |+ 1 = |m |+ |m| +1—1= 7| — 1.
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o Step inside a B-redex, i.e. t = (Ax.u)s —p (Ax.u')s =t withu —p, u': then,

STC[
r—= TDiLx:Pru:Q T
' FAxu: [P— Q] IEs:P

I'kt:Q

where dom(T") =dom(I['y) =dom(I), [ =T W, and |x| = ||+ M|+ 1 > 0. By induction
hypothesis, there exists a derivation 7r; > I'; Fu: [P —o Q] such that |7{| = |m;| — 1. Therefore,
there is a derivation

7T
7= Ti,x:PHu:Q 5
I Axau: [P— Q] IhhEs:P o

'H¢:Q
where || = |7} |+ ||+ 1 = |m| +|m| +1—1=|n| - L.
2. Since 7 is not o-normal, 7 is not a value and thus |7| > 0 according to Remark[27} The proof that

there exists a derivation 7’ with conclusion I' - #': Q such that || = |7| is by induction con € A.
Cases:

e Step at the root: there are two sub-cases:
- t = (Ax.u)sr —g, (Ax.ur)s =t" with x ¢ fv(r): then,

ETL’]
Cy,x: PHu:[Q — Q] ¥
T= I FAxu: [P—[Q — Q]| Lbs:P ‘M
FlL‘Hrzl—ti[Ql—OQ] I3r:Q

Tri0 @

with dom(I") = dom(I'}) = dom(I2) = dom(I3), ' =T Wl W3 and |n| = |m |+
|m2| 4 |m3| + 2. According to Lemma 26| and Lemma [29|2) we can suppose without

loss of generality that x ¢ dom(I'3), since x ¢ fv(r). By Lemma 29]1] there exists
my > I'3,x: [] - r: Q' such that |}| = |m3]. Therefore, there is a derivation

fj'cl ﬂé
. ThxiPhu[Q — Q) Oa,x:[|[Fr:Q
= Iwls,x:Ptur:Q @ 7'[2
w3 E Axur: [P — Q] A I'pEs: P ©
'H¢:0

where || = || + |75+ 1+ |m| + 1 = |m |+ |m3] + 1+ |mp| + 1 = |-
- 1t =v((Ax.u)s) =g, (Axvu)s =" with x ¢ fv(v): then,

577:2
Fg,x:Pl—u:Q’ 7'L'3
= ¥4 [ Axau: [P— Q] A I[3Fs:P
kv [Q — 0 Lol (v @ “

't:Q
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with dom(I") = dom(I";) = dom(I2) = dom(I3), ' =T WL W3 and || = |m |+
|m2| 4 |m3| + 2. According to Lemma 26| and Lemma [29|2) we can suppose without
loss of generality that x ¢ dom(I'}), since x ¢ fv(v). By Lemma [29]1] there exists

m; > T,x: [JFv: [Q — Q] such that |7]| = |m;|. So, there is a derivation
J'L'{ 7[3
. [,x:[JFv:[Q — Q] I3,x:Phu:Q o
= Lol PhvieQ ‘T
W3 Axur: [P— Q] ILEs:P o
I'~¢:0

where |7'| = |7} | + 73] + 1 + |m2| + 1 = [m| + [ 73] + 1+ [m2 + 1 = | 7.
e Application Left, i.e. t = us — g5 u's =t with u — 5 u': then,

377:1 7172
T= T Fu:[P—-Q] TaFs:P o
I'kt:Q

where dom(I") = dom(I";) = dom(I2), ' =T WI; and |n| = |m | + |m| + 1. By induction
hypothesis, there exists a derivation 7| > I't - u: [P —o Q] such that |7]| = |m;|. Therefore,
there exists a derivation

. T[i 7'[2
T=TIrd:[PoQ TaFs:P o
'H¢:Q

where |7'| = |7} |+ ||+ 1 = |m |+ |m| + 1 = |7].
e Application Right, i.e. t = us — g us’' =t with s — 5, s': then,

577:1 7'L'2
T=TItu:[P—oQ TyFs:P
Tk 0

where dom(I') = dom(I';) = dom(I,), ' =T WI; and |7| = || + |m2| + 1. By induction
hypothesis, there exists a derivation 7} > I'; -« Q such that |7}| = |m,|. Therefore, there
exists a derivation
T=Tihtu:[P—oQ Tybs:P .
r'~¢:0
where |7'| = |m |+ |7+ 1 = |m |+ |m| + 1 = |7].
e Step inside a B-redex, i.e. t = (Ax.u)s — g (Ax.u')s =1t" with u —, u': then,

37171
7= Tux:PFu:Q T
I F Axu: [P — Q] IhEs:P

I'ket:Q
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where dom(I') = dom(I";) = dom(I,), ' =T WI; and |7| = || + |m2| + 1. By induction
hypothesis, there exists a derivation 7] > I'} F u/: [P —o Q] such that |7{| = |m;|. Therefore,
there is a derivation

(7T
7= Tyx:PHu:Q A T
I FAxu: [P— Q] IhEs:P
I'=¢:Q
where || = |7} | + |m| + 1 = |m |+ |m| +1 = |x|. O

Lemma 9 (Abstraction commutation).
1. Abstraction vs. abstraction: Letn € N. If 1> At Ay.(Ax.t)v: Wi [P/ — P] and y ¢ fv(v), then
thereis t' > A+ (Ax.Ay.t)v: W [P/ —o P] such that |n'| = |n| +1—n.

2. Application vs. abstraction: If @ > A ((Ax.t)v)((Ax.u)v): P then there exists a derivation T’ >
At (Ax.tu)v: P such that |7'| = |zt| — 1.

Proof. 1. We can suppose without loss of generality that x,y ¢ dom(A). Therefore, there are deriva-
tions 7}, @7, ..., ), w2, environments 'y, Ay, ..., [y, A, (with dom(A) = dom(T;) = dom(4;) for
all 1 <i < n) and positive types Q;, ..., O, such that

1

7T
Ly,y: PLx:Qit: P ‘7’
= Ty,y: PFAxt:[Q; — P] A AiFv:O;
WA, y: PE (Axt)v: P, © (forall 1 <i<n) N

A Ay.(Axt)v: W [P/ — P]

where A =W I WA; and || = Y7 (|x!| + |72+ 1) = n+ X, (|7} + |77]). According to
Lemma [6] there exists @, > A" Fv: WL Q; with A’ = W A; (whence A = A’ Wl I;) and

|my| = Y, |7?|, thus one has
‘!
/ Li,y: Plx: Qi-t: P, (forall 1 <i<n) N
T = W Tihx: W, Qi Ay W [P — P] T
Jimi Ti - Ax Ayt Wi, Qi — Wi, [P — Rl] AFviin O o

A (AxAyt)v: WL, [P — P

where || = |my| + 1+ XL, 7/ | = 1+ XL, (|7 | +|77]) = |7 + 1 —n.
2. We can suppose without loss of generality that x ¢ dom(A). Therefore, there are environments
A1, Ay, Az, Ay, positive types Q, Py, P, and derivations 7, 7, 73, 74 such that

E7'L'3 37'64
Az, x:PiFt:[Q— P fm Ag,x:Pou:Q ETCZ
T="AsF Axu: [P, — [Q — P|] Ay Fv: P Ay Axu: [P —o Q] AyFv:iPy
Az WA (Ax.t)v: [Q — P @ AgWAy = (Axu)v: Q

A (Axt)v)((Axu)v): P
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where A = Aj WA WA3 WA, and || = || + || + | 3] 4 | 74| + 3. According to Lemmal 6] there
is My > A WA Fv: Py WP, such that |mp| = || + |m2], thus there exists

571'3

27'[,'4
) Az, x: P t1:[Q —o P Ay, x:PFu:Q o
T = AsWAy,x: PLWP tu: P A 7'[()
A3L‘HA4|—),X.ZM2[P1L‘HP2—OP] ARV PLUP @
A+ (Ax.tu)v: P
where |7/ = 70| + |75| + | 74| +2 = 71| + |m2| + |703] + || +2 = [ 7| — 1. 0

See p.B Proposition 10 (Quantitative balanced subject expansion). Lett,t' € Aand ©’ >T+1": Q.
1. Enlargement under anti-B’-step: If ¢ —rgy t' then there is w > Tt t: Q with || = 7| + 1.

2. Size invariance under anti-c’-step: If t — ., t' then |&'| > 0 and there exists © > T\t : Q such that
|7 = |.

Proof. 1. By induction on t € A. Cases:

e Step at the root, i.e. t = (Ax.u)v —p u{v/x} =1'. We proceed by induction on u € A.
- Ifu=x,thent =vand 7' >TF v: Q, while t = (Ax.x)v. Setting Top = x1: [],..., %, []
where dom(I"y) = dom(I"), we have the derivation

Io,x: QFx:0 o ‘!
T= TyF Axx:[Q — Q] I'v:Q
'kt 0

with || = || +1.

- If u = y # x (we can suppose without loss of generality that x ¢ fv(v)), thent’ =y and
= To.v:0Fy: 0 HXwith[=Tp,y: QandTo=x;: [],...,%,: [| (Where dom([p) =
fv(v) ~ {y}), while # = (Ax.y)v. Notice that |7’'| = 0. We have:

Tox: [y:QFy:iQ .
T= To,y: 0k Ax.y:[[] — Q] Lo, y: [JFv:] o
I'tt:0

(notice that the rule A in 7 has 0 premises) with || =1 = |7/| +1.

- If u = Ay.s (we can suppose without loss of generality that y ¢ fv(v) U {x}), then
t' = Ay.s{v/x} and t = (Ax.Ay.s)v. As &' > T F1¢': Q, there are n € N, positive types
P,Q0i1,...,P,,Qp, environments I'y,...,I';, with dom(I") = dom(['}) = --- = dom(I7,),
and derivations 7, ..., m, such that Q = [P, — Qy,...,P, — Q,] and

- e

/_ 'ﬂl -En

T =T,y Pts{v/x}: 0 neN Co,y: B Es{v/x}: O, N
r~¢:0
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where I' = [{i_; IT'; and || = X7 | 7]]. Let 1 <i <n: since (Ax.s)v —p, s{v/x}, then by
i.h. there is m; > Iy, y: P+ (Ax.s)v: Q; with || = |z/| + 1. So, we set

STC[ 7Tn
' = Cy,y: P E({s/x})v: O neN Cp,y: B F (Ax.s)v: Oy N
' Ay.(Ax.s)v: Q

where |n"| = Y7 |m| = X1, |@/| +n = |7'| + n. According to Lemma [9][1] there is a
derivation @ > I'+17: Q where |n| = |n”| —n+ 1= |7'| + 1.

— Finally, if u = sr, then ¢’ = s{v/x}r{v/x} and t = (Ax.sr)v. Since 7' > T F¢": Q, there
are derivations 7| and 7, a positive type P, environments I'j and I, (where dom(I") =
dom(I'}) = dom(I;) and I" = I'; WI',) such that

/ T | TT)
T =T ks{v/x}:[P— O Lo Fr{v/x}: P
I'H¢:Q @

where |’| = |7} |+ |m5| + 1. Since (Ax.s)v —p, s{v/x} and (Ax.r)v g r{v/x}, then by
i.h. there are 7t > 'y F (Ax.s)v: [P —o Q] and mp > Iy F (Ax.r)v: P with |m| = |7} | + 1
and |m| = |7+ 1. So, we set

y 7'[1 71'2
T =T F (Axs)v: [P — Q] I = (Ax.r)v: P
' ((Ax.s)v)(Ax.r)v): Q

where || = |7 |+ || + 1 = |7]| +|m)| + 3 = |n’| +-2. According to Lemma[9]2] there
is a derivation 7 > T'F7: Q with |7| = || — 1 = |2| + 1.
e Application Left,i.e. t = us —pg, u's =1t' with u —, u’: then,

. ﬂi 7'[2
T=TIru:[P—oQ TaFs:P
'H¢:Q

where dom(I") = dom(I";) = dom(I';), ' =T'; WI and |7'| = |7} | + |m2| + 1. By induction
hypothesis, there is 7; > I'F u: [P —o Q] with || = |7]|+ 1. So, there is

ETC] 7'[2
T= T Fu:[P—-Q] TaFs:P o
I'kt:Q

where || = |m |+ |m| + 1= |7{|+ 1+ |m|+ 1= ||+ 1.
e Application Right, i.e. t = us — g, us' =" with s —p, s": then,

, 7[1 ﬂé
T=Tihtu:[P—oQ Tyks:P
TH/:Q
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where dom(I") = dom(I'}) = dom(I';), ' =T'; WI and |7'| = |m; |+ |7}| + 1. By induction
hypothesis, there exists m > I'; = s: P with |m| = |7}| + 1. So, there is

57[1 7'L'2
T=TItu[P—oQ TyFs:P o
'-t: 0
where || = |m| + |m| + 1= |m |+ |75+ 1+ 1= ||+ 1.
e Step inside a B-redex, i.e. t = (Ax.u)s — g, (Ax.u')s =1t with u —g, u': then,

7]
= Tix:PHu:Q A T
[ Axu: [P — Q] IhhEs:P
I'~¢:0

where dom(I") = dom(I';) = dom(I;), I' =TIy WI; and |7’| = |7]| + |m2| + 1. By induction
hypothesis, there exists 7, > I'1,x: P+ u: Q with || = |7{|+ 1. So, there is

571']
71— TuxiPFu:Q T
I''F Axu: [P — Q] AFs:P
I'kt: Q0

where || = |m1| + |m| + 1= |7]| + 1 + |m|+ 1= ||+ 1.
2. Since — 4, cannot reduce to a value, ¢’ is not a value and thus |7| > 0 according to Remark The
proof that there exists 7 > I' - ¢: Q with |n| = |7/| is by induction con 7 € A. Cases:
e Step at the root: there are two sub-cases:

— t = (Axu)sr—¢, (Ax.ur)s =t with x ¢ fv(r). We can suppose without loss of generality
that x ¢ dom(T"). So,

T 7T}
. [,x:Phu:[Q — Q] Lax:[JFr:Q o
T = INwls,x:Prur:Q ¥
Wz - Axur: [P —o Q] IEs:P ©
'H¢:0

with dom(F) = dom(Fl) = dom(Fz) = dom(F3), I'=T1wl>wl3 and ‘717/‘ = ’71'1‘ +
|72 + || +2. According to Lemma 29/2} since x ¢ fv(r), there is a derivation 73 > I'3 -
r: Q' such that |m3| = |m}|. Therefore, there is a derivation

571'1
[,x:Ptu:[Q — Q] T
T=T1FAxu: [P —[Q — Q]| IhFs:P ‘M3
FILTJFQFZZ[Q/—OQ] 1—‘3FY‘ZQ/ @

I'kt:Q0
where || = |11 |+ |m3| + || + 2 = |m | + |7 | + M| +2 = |7
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- t =v((Ax.u)s) =g, (Ax.vu)s = ¢’ with x ¢ fv(v). We can suppose without loss of gener-
ality that x ¢ dom(I"). Therefore,

e

1T 77;3
;o Tuxi[JEvi[Q — Q] [3,x:PFu:Q
T = Iwls,x:PHvu:Q Y @ 7'L'2
w3 F Axur: [P — Q] IbEs:P o
r~¢:0

with dom(F) = dom(Fl) = dom(Fz) = dom(F3), I'=T1wlWwl3 and ‘TC/‘ = ’71'1‘ +
|| 4 |7m3] 4+ 2. According to Lemma[29}12] since x ¢ fv(v), there is a derivation 7r; > I'; -
v: [Q' —o Q] such that |7;| = |7{|. Thus, there is a derivation

ETCZ
I, x:PFu:Q 3
= ¥ [ Axau: [P— Q] A I3Fs:P
[ Ev:[Q — 0] oWz E (Axau)s: Q' o “

I'tt:0

where 7] = ||+ |75| + || +2 = [m |+ |m5| + |m2| + 2 = | 7].
e Application Left, i.e. t = us — g u's =1t with u — 4, u': then,

, TEi 571'2
T=TIFid:[P—Q Ihbs:P
'~¢:0
where dom(I") = dom(T"}) = dom(I;), ' =Ty WI; and |7'| = |7{| + |m2| + 1. By induction
hypothesis, there exists 7 > I'; - u’: [P — Q] with || = |7{|. So, there is

ETC] 7'L'2
T= T Fu:[P—-Q] TaFs:P
I'kt:Q

where || = |m| + |m| + 1 = |7]| + |m| + 1 = |7'|.
e Application Right, i.e. t = us — g5 us’' =t with s — , s: then,

, 577:1 755
T=Tiru[P—Q Thks:P o
'H¢:Q
where dom(I") = dom(I';) = dom(I;), ' =TIy WI; and |7’| = || + |7}| + 1. By induction
hypothesis, there exists m, > I'; - s: P such that |m,| = |75]. So, there is

377.71 71'2
T=TItu:[P—oQ ThFs:P o
I'kt:0

where || = |11+ |m| + 1 = |m |+ |75+ 1 = |7
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e Step inside a B-redex, i.e. t = (Ax.u)s — g (Ax.u')s =1" with u —, u': then,

7]
= Tix:PHu:Q ‘T
[ Axd: [P — Q] IhEs:P

Ir'~¢:0

where dom(T") = dom(I'y) = dom(I,), [ =Ty WI; and || = |m | + || + 1. By induction
hypothesis, there exists 7 > I'1,x: P+ u: Q with |m;| = |7]|. So, there is

57151
T = I'i,x:PFu:Q 7'L'2
' F Axu: [P —o Q] IEs:P
I'kt:Q

where || = |m |+ |m| + 1 = |7]| + |m| + 1 = |7'|.
See p.B Lemma 11 (Subject reduction). Lett,t’' € Aand w>T+1t: Q.
1. Shrinkage under B,-step: If t —p, t' then there is #' > T'Ft': Q with || > |&'|.

2. Size invariance under o-step: If t —¢ ' then there is ' > T'-1': Q such that |n| = |7'|.

Proof. Analogous to the proofs of Prop. [§|[T}{2] paying attention that now the induction hypothesis is
weaker. The only novelty is the presence of the following case, since —4p, reduces under A’s:

e Abstraction, i.e. t = Ax.u —, Ax.u' =1’ withu —, v/ and r € {B,,0}: then,

M ‘T,
T=TI,x:PFu: 0 neN Lox:PFu:Q, N
'kt [Pl—OQl,...,Pn—OQn]
where dom(I") =dom(I'}) =--- =dom(I[,), =W, I and |7| = ¥, |m]|. By induction hypoth-

esis, forall 1 <i<nthereis z/ > I, x: P+ u': Q; with |m;| > |z!| if r = B,, and |m;| = |7]| if r = ©.
So, there is

/ 7] 7T
T=r,xPrd:0 ... Tux:Pru:0,
Lt [P —Qy,...,P — Q]
where |7/| = Y7, |n/|. Therefore, |7| > |#'| if r = fB,, and |7| = 7’| if r = ©. O

See p.E] Lemma 12 (Subject expansion). Ler t,t' € Aand ' >T+1': Q.

1. Enlargement under anti-B,-step: If t —g, t' then there is w > T'=t: Q with |x| > |7'|.

2. Size invariance under anti-o-step: If 1 —¢ t then there is T > U & t: Q such that |n| = |7'|.

Proof. Analogous to the proofs of Prop. 2] paying attention that now the induction hypothesis is
weaker. The only novelty is the presence of the following case, since —4j, reduces under A’s:
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e Abstraction, i.e. t = Ax.u —, Ax.u' =1’ withu —, v/ and r € {B,,0}: then,

¥ 1 T,
n' = . /. neN . /.
Fl,x.Pll—u.Ql Fn,x.Pnl—u.Qn
Lt [P —Qy,...,P — Q]
where dom(I") = dom(I'y) = --- =dom(T’,), ' = W, I and |n'| = Y7, |x/|. By induction hy-

pothesis, for all 1 <i <n thereis m; > I[';,x: P, b u: Q; with |m;| > |7/| if r = B,, and |m;| = |7/ if
r = o. So, there is

‘T T,
T=1T.x:Ptu:0Q Lx: P Fu:Q,
'kt [P] —OQl,...,Pn—OQn]

where |7| = Y7, |m;|. Therefore,

nt| > || if r =By, and |7| = '] if r = ©. O

A.4 Omitted proofs and remarks of Section 4]

Theorem 14 (Invariance under sh-equivalence). Let t,u € A, let n € N and let X = (xy,...,x,) be a See p.H
suitable list of variables for t and u. If t ~g u then [t]z = [u]z.

Proof. Since t >~ u, there exist k € N and 1y, ..., such that t =y, u =ty and t; —gp tis] OF tin] —>sh L,
for all 0 < i < k. Using subject reduction (Lemma|[IT)) and subject expansion (Lemma|[I2)), it is immediate
to prove by induction on k € N that 1]z = [u]5. O

Lemma 15 (Semantics of sh’normal forms). Let ¢ be a term, let k € N and let X = (x1,...,xx) be a list of  See p.H
variables suitable for t.

1. If t € A, then for every positive type Q there exist positive types Py,...,P, and a derivation
T>x P, x Pt Q.

2. Ift € A, then there are positive types Q, Py, ..., P, and a derivation m > x1: Py,...,xc: P12 Q.
3. If t is sh>normal then [t]; # 0.

Proof. Point is an immediate consequence of Point via the syntactic characterization of sh’-normal
forms (Prop. [3).

We prove simultaneously Points[I}{2] by mutual induction on € A, UA,.

Cases fort € A,:

e ¢t = xv for some variable x and value v: since X is suitable for ¢, one has x = x; for some 1 <i <k.
According to Cor.[28]there exists a derivation ' > x; : [],...,x¢: [] F v: [], so for any positive type
0 there exists the derivation

=2 i [ =0 oxx: [ F i [[] — O] xt ] [JFve[]
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e { = xa for some variable x and a € A,: since X is suitable for ¢, one has x = x; for some 1 <i < k.
By i.h., there exists a derivation &' > x1: Py, ..., x;: P - a: [] for some positive types Py, ..., P. So,
for any positive type Q there exists a derivation

a ¥4
T= X1- [],...,x,-: [H —OQ],...,xki H l—x,-: [H —OQ] X12P1,...,xk2Pkf—a2 H
xi: Py xit [ — QWP ... xk: P Et:Q

e t =anforsomea € A, and n € A,: by i.h. applied to n, there is a derivation &/ > x : Pj,...,x;: P+
n: P for some positive types P, Py,. .., P,. Given a positive type Q, by i.h. applied to a, there exists
a derivation 7' > x;: P{,...,x;: P - a: [P — Q] for some positive types P[,...,P[. So, there is a
derivation

377:/ En-//
T= x1:P[,....x: PlFa: [P —o Q] x1: P, o xg:PeFnc P
xi:PlWP,. .. x: BWP Ft:Q

@

Cases fort € A,:
e t € A, see above.
e tis a value: the statement follows from Cor.28]

e t = (Ax.n)a for some n € A, and a € A,: by i.h. applied to n, there exists a derivation 7’ >
x1:P,...,x: Pl,x: P+ n: Q for some positive types P|,...,P,,P,Q. By i.h. applied to a, there
exists a derivation &/ 1> x1: Py, ..., x;: B b a: P for some positive types P, ..., P. Therefore, there
is a derivation

/

T
= x1: P, x:PLx:PEn:Q N oy
x1: P, x PLE Axn: [P — Q] x1:P,...x:BbFa:P
@
x1: Py H’JP{,...,xk:PkLﬂpliFti 0
O
See p.H Theorem 16 (Semantic and logic characterization of shb—normalization). Lett € A and let X = (x1,...,x)

be a suitable list of variables for t. The following are equivalent:

1. tis shb-normalizable;

2. t ~¢, u for some sh’-normal u € A;

3. [z #0;
4. there exists a derivation ® > x1: Py,...,x,: P, - t: Q for some positive types Py,...,P,,0;
5

. t is strongly sh’-normalizable.

Proof. (I)=@): Trivial, since — ., C ~p.

(2)=(@): First, note that we can suppose without loss of generality that X is suitable also for u. By
Lemma|[13] [u]z # 0. By invariance of relational semantics (Thm. [14), [¢]z = [u]}-
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(B)=(@) Trivial, according to Definition

#)=(@): If there is a derivation 7 > x; : Py,...,x,: P, - t: Q for some positive types Py, ..., B, Q, then
every sh’-reduction sequence from ¢ has at most || € N Bf—reduction steps by the quantitative
subject reduction (Prop. . As there is no sh’-reduction sequence from ¢ with infinitely many
ﬁvb—reduction steps, then every infinite sh’-reduction sequence from ¢ would have infinitely many
o’-reduction steps, but this is impossible since — o 18 strongly normalizing. Therefore, there is no
infinite sh’-reduction sequence from ¢, which means that 7 is strongly sh’-normalizable.

@B)=(): Trivial. O
Lemma 17 (Uniqueness of the derivation with empty types; Logic and semantic characterization of
values). Lett € A be sh’-normal and X = (x1,...,xx) be suitable fort. See p.H

1. Foreverym>xi:[],...,x: [|Fe:[Jand #' > xp:[],...,xc: [JF 22 ]], one hast € A, |7] =0 and
7 = 7t'. More precisely, Tt consists only of the rule ax if t is a variable, otherwise t is an abstraction
and T consists only of a 0-ary rule A.

2. The following are equivalent:

(a) tis a value; (c) thereis > x1:[],...,xx: [J e ]];
@) (([}-5,[D. 1) € [1]= (d) there is T > t such that |1t| = 0.

Proof. 1. According to Prop.[3| r € A, since ¢ is sh’-normal, so there are only three cases.

If 7 is a value, then || = 0 by the left-to-right direction of Lemma@ (take p = 0). Moreover, if ¢ is a
variable, then 7 = x; for some 1 < i <k, and the only derivation with conclusion x; : [],...,xx: [] F
t:[] s

T= ] Qa6

otherwise, = Ax.u and the only derivation with conclusion x;: [],...,x¢: [|F7:[]is

_ A

T= xi: (], x: [JFAxu:[] ™

If 1 € Ay thent ¢ A, and it is impossible that 77 > x;: [],...,x¢: [| F#: [] by Lemma[30}
Finally, ift € A, ~\ (AyUA,), then t = (Ax.n)a for some n € A, and a € A,. By necessity,

o’ !
T= xi:[],. o, x: [JFAxn: P —o ] xi: (], [JFa P
xp: (] [J 2]

but it is impossible that 7 > x;: [],...,x: [] F a: P, according to Lemma Therefore, it is
impossible that 7w > xy: [],...,x¢: [JF e [].

2. The equivalence (2b)< (2c) follows immediately from Definition [I[3] From Lemma [T7][T]it follows
that (2d)=-(2d). By Cor.[28] the implication (2a)=-(2c]) holds. In order to prove that 2d)=(2a)), it

is enough to notice that there is no instance of the rule @ in 7 > ¢ since || = 0, so ¢ is either a
variable or an abstraction, i.e. a value. O

Proposition 18 (Logic and semantic characterization of valuability). Let t be a term and X = (x1,...,x;) See p.H
be suitable for t. The following are equivalent:
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1. t is sh>normalizable and the sh’-normal form of t is a value;

2. (45 - ) € Il

3. there exists T> xy: [],...,xx: [J e ]].

Proof. The equivalence (2)<(3) follows immediately from Definition[I3] In order to prove the equiva-
lence (I)«<(2), let us consider the two possible cases:
e cither 7 is not sh’-normalizable, and then [t]z = 0 according to the semantic characterization of
sh’-normalization (Thm. [16)), in particular (([],.%.,[]),[]) ¢ [1]:
e Ortis shb—normalizable; let ¢y be its sh’-normal form; according to the semantic characterization
of values (Lemma , (([],-%.,1D,1]) € [t0]z iff 7o is a value; by invariance of the semantics
(Thm., [t]z = [to]z; therefore, (([],.%.,[]),[]) € [¢]z iff to is a value. O

A.5 Omitted proofs and remarks of Section

Lemma 20 (Relationship between sizes). Lett € A, k € N and X = (x1,...,xi) suitable fort.
1. Ift is sh’-normal then |t], = inf{|| | m > x1: Py,... . x¢: Pt 1: Q).
2. Iftis avalue then |t|, = inf{|7| | T >x1: P1,...,.x: P t:Q} =0.

Proof. 1. By Prop. |3} since ¢ is sh’-normal, we can proceed by induction on ¢ € A,,. Moreover, for
t € A, we prove also that for any positive type Q there exist positive types P, ..., P, and a derivation
wr>x:Py,...,x Pt Q such that [t|, = |x]: this stronger statement is required to handle the
case where £ is a sh’-normal B-redex.

If ¢ is a value, then |7|, = O by definition, and there is a derivation w > x;: [|,...,x¢: [] F ¢: [] such
that || = 0, according to Cor. 28] Thus, [t|, = inf{|7| | T > x: Py,...,x: P12 Q.
If t € A,, then there are three cases:

e t = xv for some variable x and value v: |¢|,= 1, k > 0 and x = x; for some 1 <i < k. According
to Cor.[28] there exists a derivation 7’ > x; : [],...,x¢: [] F v: [] such that |7'| = 0, so for any
positive type Q there exists the derivation

¥4
T="_. . . . ax . . )
xr: )X [[] = Qe x: [ Fxis [[] — O xr: ]y xks [JFEve]]
xi: (], oxi[[]— Ol xk: [JFE: O

where |7| = |n'|+ 1 =1 = |¢|,. The last rule of any derivation 7" > x: Py,...,x.: B b 1: Q is by
necessity @, thus |7’ > 1 and hence inf {|7”| | 7" > x1: Py, ..., x: B H: Q= 1=1],.

e ¢ = xa for some variable x and a € A,: |t], = |a],+ 1, k > 0 and x = x; for some 1 <i <k. By i.h.,
lal, = inf{|7'| | &’ 1> x1: Pp,...,x¢: P Fa:[]} and there exists a derivation ' > xy: Py,...,x;: P b
a: [] for some positive types P, ..., P such that |a|, = |’|. Therefore, for any positive type Q there
exists a derivation

¥4

— ax
= i ] = O [F i [ = 0] P Bka ]
Xt Py xi [[] e QWP x s Pt Q
where |n| = |7'| +1 = |a],+ 1 = |¢|,. The last rule of any derivation @” > x;: Py,...,x;: Pr b

t: Q is by necessity @ having a derivation typing a as a premise, thus |z”| > |a|,+ 1 and hence
inf{|7r”| | 7' >x1: P, X Pt Q} = |a|b+1 = |t|b-
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e t=anwitha € A, andn € A,: by i.h. applied to n, inf{|z"| | 7" > x1: Pi,...,x¢: P = n: Q} = |n|,, in
particular there is a derivation 7" > x1 : Py,...,x;: P, - n: P for some positive types P,Py,..., P, such
that || = |n|,. For any positive type Q, by i.h. applied to a, there are positive types P;,..., P, and a
derivation 7t > x1: P{,...,x¢: P, a: [P — Q] such that |a], = |'| = inf{|7'| | 7' > x1: P[,...,.x¢: P+
a: [P — Q]}. So, there is a derivation

5 A
= XIIP{,...,kuPIQFaZ [P*OQ] xliPl,...,kuPanIP
xI:PILﬂP{,...,xk:PkLﬂP,ﬁl—t:Q

where || = || + |7"| + 1 = |a|, + |n|,+ 1 = |t|, (the last equation holds since a is not an ab-
straction, see Prop. [3). The last rule of any derivation & 1> x1: Pi,...,xc: P = t: Q is by ne-
cessity @ having derivations typing @ and n as premises, thus |7”’| > |a|, + |n|,+ 1 and hence
inf{|7r”’| | 7" > x1: P, xg Pt Q} = |a|b—|— |I’l|b+ 1= |l‘|b.

Finally, if t = (Ax.n)a for some a € A, and n € A, then |t|, = |n|,+ |a|,+ | by definition. By
i.h., applied to n, there is a derivation 7’ > x1: P{,...,x¢: P,x: P+ n: Q for some positive types
P{,...,P,,P,Q such that |n|, = |7'| = inf{|7'| | 7’ >x1: P[,...,x¢: P Fn: Q}. By i.h. applied to a,

there exists a derivation " > x; : Py,...,x;: P a: P for some positive types Py,..., P, such that
lal, = |7"| = inf{|7"| | #"” > x1: P1,...,xx: P - a: P}. Therefore, there is a derivation
!
— x1: P, x: PLx:PEn:Q L

Y :
x1: P, x PLE Axan: [P —o Q] x1: P, xi Pcla: P
)C]2P1HJP1/,...,xk2PkHﬂPI£|—tIQ

@

where |7t| = ||+ |7 |+ 1 = |n|,+ |a|,+ 1 = |¢|,. Given a derivation & > x1: P},...,x;: P F1:Q,
its last rule is by necessity @ having derivations typing a and Ax.n as premises (the last rule of the
latter is necessarily A having a derivation typing n as unique premise), thus || > |a|,+ |n|,+ 1
and hence inf{|7"”| | 7" > x1: Py,...,x;: Pc-t: Q} = |al,+ n|,+ 1 = |t],.

2. By definition, |t|, = 0. According to Cor.[28| there is a derivation 7 > x; : [],...,x¢: [] F7:[] such
that || = 0, hence inf ¢tz = |(([],---,[]),[])| = 0. O

Proposition 21 (Exact number of ﬁvb-steps). Let t be a sh>-normalizable term and ty be its sh’>-normal form.
For every reduction sequence d: t —,, o and every T 1> 1 and T t> o such that || =inf{|7'| | 7' >}
and |my| = inf{|m)| | 7\ > to}, one has

lengg, (d) = [ 7| = |tol, = || — | o] - 3)
If moreover 1y is a value, then lengg,(d) = ||.

Proof. The statement concerning the case where #; is a value is an immediate consequence of Eq. (3) and
Lemmal[20|2] The second identity in Eq. (3) follows immediately from Lemma 20][I] We prove the first
identity in Eq. (3) by induction on n = leng(d) € N.

If n = 0 then lengg,(d) = 0 and t = 1o (thus 7 = 7p), hence || = |¢[, = |fo| according to Lemma |20}1|
and therefore Eq. (2) holds.

If n > 0 then d has the form ¢ —_, ¢’ —>:‘h’,1 to for some term ¢'; let d’ be the sub-reduction sequence

t —>”};1 to in d. There are two cases:
S

See p.
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e A B,-step at the beginning of d, i.e. t — B t": according to the quantitative subject reduction for — B

(Prop.[3][1), there is a derlvatlon ' > ¢’ such that |7/| = \n\ 2. According to the quantitative subject
expansion for — g, (Prop. [LO1)), for any derivation 7" t> ¢’ there exists a derivation 7" 1> ¢ such that
|| =|7"| - 2. Therefore rom the minimality of |7| follows the minimality of |7’| (among the
derivations 7 > ¢'). We can then apply the i.h. to d', so that lengg,(d") = || — [to, = 7| — 1 — [to],
and hence lengg,(d) = lengg,(d') + 1 = x| — to; -

e A o-step at the beginning of d, i.e. t —, ¢ according to the quantitative subject reduction for —
(Prop. [8]2), there is a derivation &’ > ¢’ such that | 7’| = |7|. According to the quantitative subject
expansion for —, (Prop. [I0|2), for any derivation 7" > ¢’ there exists a derivation 7" t> ¢ such
that |”| = |n"|. Therefore, from the minimality of || follows the minimality of |7’| (among the
derivations 7 > t'). We can then apply the i.h. to d’, so that lengg,(d) = lengg,(d') = 7| — |to|, =
|7 = ltol;.- O

Lemma 30. Lett € A, Forallm>x1: Py,...,x: Pet: Qthereis 1 <i<kwithP,#|].

Proof. By induction on t € A,.
If t = xu where u € A, UA,, then x = x; for some 1 <i <k, and hence

: 7[//

a
X P xii [P0 PExi[P—Q] . xi:Pl . x:PlFuiP
xi: P, . x Pt Q

T =

@

where P; = P;w P} forall 1 < j <k such that j # i, and P, = [P — QWP # [].
If t = an for some a € A, and n € A, then

/ 7

¥ ¥
x1:P,...,x: Pl Fa: [P—o Q] xi: Pl xPlFniP

xi: P, x i Pt Q

T =

@

where P; :P;&JPJ’-’ forall 1 < j<k.Byi.h.,thereis 1 <i<ksuchthat P/ # [],thus ,=P WP’ #[]. O

See p. Theorem 24 (Exact number of ﬁvb—steps for valuables). Lett —>;‘hb v € A,. Forany X = (xy,...,x;) suitable
fort, and any > xy: [],...,xc: [[ 11 [], one has lengg (1) = |7|.

Proof. Given 1> xy: [],...,x¢: [JF2:[], thereis my > xq: [],...,x¢: [] Fv: [] with \n[ = || +lengg (1)
by the quantitative subject reductlon (Prop. [§][1{2). According to Lemma..l || = O
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